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DIRAC-LIKE HAMILTONIANS AND THE BERRY GAUGE FIELDS IN
DIVERSE PHYSICAL SYSTEMS: FIELD THEORETICAL METHODS
SUMMARY
In this study, the applications of Dirac-like Hamiltonians with and without mass terms
and the related Berry gauge fields to diverse physical systems are discussed in terms
of field theoretic methods.
In the first part, a pure gauge field is obtained through the diagonalization of the
massive Dirac Hamiltonian. By projection onto the positive energy eigenstates, the
Berry gauge field and the Berry field strength is defined. The related Chern numbers in
terms of the Berry curvatures are defined in 2 and 4 space dimensions. Considering the
2+1 dimensional Dirac particle interacting with the external electromagnetic field, the
fermionic degrees of freedom are integrated out in the path integral formalism. At the
first loop order, the effective action is found to be the topological Chern-Simons action.
In the weak field limit, the coefficient of this action is shown to be the winding number
of the free fermion propagator. This topological number is calculated by means of the
projection operators. It is demonstrated that in both 2 + 1 and 4 + 1 dimensions these
winding number are equal to the related Chern numbers.
In the second part, the Kane-Mele model in the presence of the Rashba spin-orbit
interaction is considered. Kane and Mele, in their original article argued that the effect
of the Rashba coupling would slightly modify the quantized value of the conductivity.
Dealing with the Dirac spinors coupled to the external electromagnetic and spin gauge
fields, the fermions are integrated through the path integral formalism. The resulting
effective action is of the BF type. The coefficient of the effective action is the winding
number of the fermion propagator which is modified with the Sz coupling. This
coefficient gives the spin Hall conductivity. The calculation of the coefficient explicitly
shows that the spin Hall conductivity altered slightly.
In the third part, the action of neutral Dirac particles coupled to electromagnetic field
strength by the dipole interactions are proposed for the 3+1 dimensional time reversal
invariant topological insulators. By integrating out the fermionic fields, the θ vacuum
action is obtained after a suitable normalization procedure as the effective action of the
3 + 1 dimensional topological insulators. It is possible to obtain the BF type theories
of the 3 + 1 dimensional topological insulators within this scheme. For this purpose
the auxilary gauge and antisymmetic tensor gauge fields are inserted into the action of
the neutral particles and it is shown that after the path integral quantization the desired
BF type action is acquired.
Beginning with the fourth part, the main focus will be on the applications of the
massless Dirac Hamiltonian and the related Berry gauge fields. The 3 + 1 dimensional
Weyl Hamiltonian is diagonalized and a Berry gauge field is derived through the
diagonalization procedure. It is shown that the Berry curvature results in the field of
a monopole located at the center of the momentum space. The symplectic 2-form
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for a positive energy Weyl particle interacting with the electromagnetic and Berry
gauge fields is written. Phase space volume form is defined. The anomalous Liouville
equation is obtained through the Lie derivative of the volume form. Using a proper
phase-space distribution function, the non-conservation of the chiral current is shown
within the chiral kinetic theory. By investigating the explicit form of the Liouvile
equation, the equations of the motion for the phase space variables are observed. The
chiral current is built and the chiral magnetic effect is derived. The same procedure is
also explicitly applied to the 5 + 1 dimensional case where the acquired Berry gauge
fields are non-Abelian. The the whole formulation is generalized to all even d + 1
dimensional spacetimes, hence the d+1 dimensional semiclassical chiral anomaly and
chiral magnetic effect is acquired within the same formulation.
The last part is devoted to the topological concepts related to the Weyl Hamiltonian
and the Berry gauge field. In 3 + 1 and 5 + 1 dimensions, the winding numbers for
the free fermion propagators due to the Weyl Hamiltonians are defined. It is shown
that the winding numbers are equal to the charge of the Dirac monopole located at the
center of the momentum space. It is also shown that these winding number are the
Chern numbers which are written in terms of the related Berry curvatures. The gauge
field structure of the Dirac monopoles are explored. This procedure is generalized for
all even d+ 1 dimensions.
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DIRAC BENZERI˙ HAMI˙LTON YOG˘UNLUKLARININ VE BERRY AYAR
ALANLARININ ÇES¸I˙TLI˙ FI˙ZI˙KSEL SI˙STEMLERE UYGULAMALARI:
ALAN KURAMI METODLARI
ÖZET
Bu çalıs¸mada kütleli ve kütlesiz Dirac benzeri Hamilton yog˘unlukları ve onlar
vasıtasıyla türetilen Berry ayar alanlarının çes¸itli sistemlere kuantum alan kuramları
yöntemleri ile uygulamaları çalıs¸ılmıs¸tır.
I˙lk yapılan çalıs¸malar, 2 + 1 boyutlu zaman tersinmesi altında simetrik topolojik
yalıtkanların etkin alan kuramları yoluyla fiziksel özelliklerinin tespit edilmesi ile
ilgilidir. Tek atom kalınlıg˘ında, 2 boyutlu bir malzeme olan grafen, düs¸ük enerji
limitinde, momentum uzayında dog˘rusal bir enerji-momentum ilis¸kisine sahiptir.
Bu ilis¸ki nedeniyle grafendeki yük tas¸ıyıcıları etkin olarak Dirac benzeri bir
Hamilton yog˘unlug˘u ile ifade edilir. Spin-yörünge etkiles¸iminin etkisiyle sözkonu
Hamilton yog˘unlug˘u kütle terimi de kazanır. Bu özellikler grafen gibi bir yog˘un
madde sisteminin, yüksek enerji fizig˘inin argümanları ile incelenmesine olanak
verir. Çalıs¸mada Foldy-Wouthuysen dönüs¸ümü ile kütleli Dirac Hamilton fonksiyonu
kös¸egenles¸tirimis¸ ve ilgili kös¸egenles¸tirme matrisinin pozitif alt uzaya izdüs¸ürülmesi
ile Berry ayar alanları hesaplanmıs¸tır. Berry ayar alanlarına ait eg˘rilikler elde
edilmis¸ ve ilgili Chern sayıları tanımlanmıs¸tır. Sürekli limitte, 2 + 1 boyutlu, kütleli
Dirac Lagrange yog˘unlug˘u Feynman yol integrali metodu ile kuantize edilmis¸tir.
Yol integralinde fermiyonik alanların integre edilmesiyle dıs¸ elektromanyetik alan
cinsinden topolojik Chern-Simons etkin eylemi elde edilmis¸tir. Sözkonusu eylemin
katsayısı topolojik bir deg˘is¸mez olan fermiyon propagatörünün "dönme sayısı"dır.
Serbest Dirac Hamilton yog˘unlug˘unun propagatörü pozitif ve negatif alt uzaylara
izdüs¸üren is¸lemciler vasıtasıyla ifade edilmis¸ ve bu sayede 2 + 1 ve 4 + 1 boyuttaki
etkin eylemlerin katsayılarının, topolojik Chern sayılarına es¸it oldug˘u gösterilmis¸tir.
Sonrasında, yine 2 + 1 boyutlu Kane-Mele modeli bu sefer Rashba spin-yörünge
etkiles¸iminin eklenmesi durumunda incelenmis¸tir. Rashba spin yörünge etkiles¸iminin
mevcut olması spin operatörünün z yönündeki biles¸eninin korununumlu bir büyüklük
olmamasına yol açar. Yine de spin Hall evresi ve bu evrenin iletkenlig˘ini benzer
metotlarla incelemek mümkündür. 2 + 1 boyutlu Kane-Mele modeline Rashba
terimi de eklenmis¸, olus¸an Hamilton yog˘unlug˘u kös¸egenles¸tirilmis¸tir. Kös¸egenles¸tirme
matrisinden pozitif alt uzaya izdüs¸ürülmek suretiyle Berry ayar alanı ve onu kullanarak
Berry eg˘rilig˘i tanımlanmıs¸tır. 2+1 boyutlu Dirac parçacıg˘ının elektromanyetik ve spin
ayar alanları ile etkiles¸en kuramı ele alınmıs¸tır. Spin akımının dog˘ru tanımlanabilmesi
için spin operatörünün z yönündeki biles¸eni kuramda spin ayar alanının önüsıra
yazılmıs¸ ve ilgili bölüs¸üm fonksiyonunda fermiyonlar integre edilmis¸tir. Bir ilmek
mertebesindeki kuantum düzeltmeleri, dıs¸ elektromanyetik ve spin ayar alanları
cinsiden topolojik kuramlar vermis¸lerdir. Bu kuramların katsayıları da ilgili fermiyon
propagatörlerinin dönme sayılarına kars¸ılık gelmektedirler. Bu katsayılar izdüs¸üm
is¸lemcileri kullanılarak hesaplanmıs¸tır. Zaman tersinmesi altında simetrik bir kuram
ile ilgilenildig˘inden sıfır olmayan tek katsayı zaman tersinme simetrisine sahip spin
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Hall akımını veren eylemin katsayısıdır. Sözkonusu eylem BF tipi topolojik bir
eylemdir. Bu eylemin elektromanyetik alana tepkisi spin Hall akımını vermektedir.
Eylemin bas¸ındaki katsayının spin Hall olayının iletkenlig˘ine es¸it oldug˘u gösterilmis¸
ve analitik ve numerik yöntemlerin yardımı ile hesaplanmıs¸tır. Sonuç, Kane-Mele
tarafından tartıs¸ılan Rashba spin-yörünge etkiles¸iminin varlıg˘ının kuantize iletkenlig˘i
az da olsa bozması öngörüsü ile uyumludur.
Topolojik yalıtkanlarla ilgili son yapılan çalıs¸ma 3 + 1 boyutlu zaman simetrisi altında
deg˘is¸mez topolojik yalıtkanları içermektedir. Sözkonusu yalıtkanların kuramı 4 + 1
boyutlu kuramlardan boyut indirgeme yöntemi vasıtasıyla elde edilmektedir. Bu
etkin kuramın parçacık fizig˘inde de kars¸ılas¸ılan θ vakum eylemi formatında oldug˘u
bilinmektedir. Bu çalıs¸mada ise dog˘rudan 3+1 boyutta, yüksüz fermiyonlar ve onların
çift kutup etkiles¸imlerini içeren bir Lagrange yog˘unlug˘u önerilmis¸tir. Sözkonusu
yüksüz sanki parçacıkların nasıl olus¸tug˘u bilinmemektedir, orijinal Dirac parçacıkları
olan elektronlar ve des¸iklerin yüksüz bir fermiyon olus¸turamayacag˘ı da açıktır. Lakin
böyle yüksüz fermiyonlar etkin olarak sanki parçacıklar s¸eklinde kars¸ımıza çıkabilirler.
Daha önceki çalıs¸malarda oldug˘u gibi yüksüz fermiyonların bölüs¸üm fonksiyonu
içerisinde integre edilmeleri sonucu dıs¸ elektromanyetik alanlara bag˘lı topolojik
eylem elde edilmis¸tir. 3 + 1 boyutta çalıs¸ıldıg˘ı için parametrelerin uygun s¸ekilde
renormalize edilmeleri gerekmektedir. Elde edilen etkin eylem, beklenildig˘i üzere θ
vakum eylemidir. Sözkonusu eylemin uzay-zamanda hangi katman üzerinde yazılacag˘ı
bilinmemekle birlikte, bazı tıkız katmanlar üzerinde uygun normalizasyon katsayısı ile
birlikte, kuantize bir sayı vereceg˘i bilinmektedir. Bu bag˘lamda 3 + 1 boyuttaki kesirli
topolojik yalıtkanlar da tartıs¸ılmıs¸tır. Öte yandan 3 + 1 boyutlu topolojik yalıtkanlar
için BF tipi etkin eylemler de önerilmektedir. Sözkonusu etkin eylemleri yine yüksüz
sanki parçacıkların kuramı vasıtasıyla elde etmenin mümkün oldug˘u da gösterilmis¸tir.
Yöntem olarak yine ilgili yol integralindeki fermiyonlar integre edilerek bir halka
mertebesindeki terimlere bakmak yeterlidir. Sonuç olarak, yüksüz fermiyonlar 3 + 1
boyutlu topolojik yalıtkanların etkin eylemlerini olus¸turmak için her iki biçimde de
kullanılabilirler.
Çalıs¸manın daha sonraki kısmında kütlesiz Dirac Hamilton fonksiyonu, bu Hamilton
fonksiyonunun kös¸egenles¸tirilmesi sırasında türetilen Berry ayar alanları ve onların
çes¸itli sistemlere uygulamaları üzerinde yog˘unlas¸ılmıs¸tır. Tüm çift uzay-zaman
boyutlarında kütlesiz Dirac Lagrange yog˘unlug˘unun, ayar simetrisi dıs¸ında bir
de kiral simetrisi vardır. Sözkonusu kuramın elektronlarını sag˘ ve sol elli
olarak sınıflandırmak mümkündür. Bu simetri, ayar simetrisinin belirttig˘i sag˘
ve sol elli elektronların toplamının yani elektrik akımının korunumunun dıs¸ında,
klasik olarak sag˘ ve sol elli parçacıklara ait akımların ayrı ayrı da korundug˘u
anlamına gelir. Lakin bu simetri kuantizasyon sırasında regülarizasyon nedeni ile
bozulmaktadır. Klasik kuram içerisinde korunan bir akımın kuantum seviyesinde
korunmamasına anomali denmektedir. Kuantum kuramında akımı korunmamasına
yol açan terim topolojik Chern karakteri cinsinden her çift uzay zaman boyutunda
verilebilmektedir. Öte yandan son yapılan çalıs¸malar yarıklasik limitte de kiral
anomalinin olus¸tug˘unu göstermektedir. Dinamik sistemlerin yarı-klasik analizi tanım
olarak çes¸itli belirsizlikler içerir. Çünkü spin dinamig˘i gibi kuantum mekaniksel
olgular klasik faz uzayında incelenir. Çalıs¸mada 3+ 1 ve 5+ 1 boyutlu Weyl Hamilton
fonksiyonları ele alınmıs¸tır. Faz uzayında çalıs¸ılacag˘ı için hesaplamalar diferansiyel
formlarla yapılmıs¸tır. Bu Hamilton fonksiyonları belirli kirallig˘e sahip parçacıkları
içermektedir. 3 + 1 boyutlu Weyl Hamilton fonksiyonunun kös¸egenles¸tirilmesinden
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Abelyan bir Berry ayar alanı türetilmis¸tir. Böylelikle Hamilton fonksiyonunun pozitif
enerjili kısmı kullanılarak klasik faz uzayında, bir Weyl parçacıg˘ının elektromanyetik
ve Berry ayar alanları ile etkiles¸imini tarif eden Hamilton 1-form yazılmıs¸tır.
Sözkonusu 1-formun dıs¸ türevi alınarak simplektik 2-form elde edilmis¸tir. Weyl
Hamilton fonksiyonundan elde edilen Berry eg˘rilig˘inin, momentum uzayında ortaya
çıkan bir tekkutbun alanı oldug˘u gösterilmis¸tir. Faz uzayının hacim-formu, hem
simplektik 2-formun kuvveti hem de simplektik matrisin determinantının karekökü
cinsinden tanımlanmıs¸tır. Hareket denklemleri türetilmis¸tir. Kiral anomaliyi elde
etmek için faz uzayı hacim-formunun her iki tanımını da kullanarak Liouville
denklemine ulas¸ılmıs¸tır. Bir tekkutup alanına es¸it oldug˘u için, Berry eg˘rilig˘inin dıs¸
türevi Dirac delta fonksiyonuna es¸ittir. Bu nedenle faz uzayı hacmi korunmamaktadır.
Uygun bir dag˘ılım fonksiyonu kullanarak çok paçacıklı sistemlere geçis¸ yapılmıs¸ ve
kiral anomali ifadesi tam olarak türetilmis¸tir. "Kiral manyetik etki"nin elde edilmesi
için de faz uzayının hacmi, hacim-formunun kuvveti cinsinden açıkça yazılmıs¸ ve Lie
türevi alınmıs¸tır. Ortaya çıkan ifadeden faz uzayı elemanlarının hareket denklemleri
ve simplektik matrisin determinantının karekökü elde edilmis¸tir. Bu sayede kiral
akım tanımlanmıs¸ ve kiral manyetik etki kısmı (akımın manyetik alan yönündeki
biles¸eni) açıkça gösterilmis¸tir. Sonrasında 5 + 1 boyutlu Weyl Hamilton fonksiyonu
ele alınmıs¸tır. Bu Hamilton fonksiyonunun pozitif enerjili özvektörleri bulunmus¸
ve onlardan Berry ayar alanları ve Berry eg˘rilikleri açıkça hesaplanmıs¸tır. 3 + 1
boyuttakine benzer s¸ekilde simplektik 2-form tanımlanmıs¸tır. Fakat 5 + 1 boyutlu
uzay-zamanda Weyl Hamilton fonksiyonunun kös¸egenles¸tirilmesinden türetilen Berry
ayar alanları Abelyan deg˘illerdir. Bu nedenle simplektik 2-form öncekinden farklı
olarak matris deg˘erli olma özellig˘ini tas¸ımaktadır. Bu durumda faz uzayı elemanlarına
ait hız ifadelerinin uygun boyutlu matrisler ile tanımlanmaları önerilmis¸tir. Elde
edilen hareket denklemleri de matris denklemlerdir. Temel varsayım spin ve koordinat
uzaylarının ayrı ayrı ele alınabileceg˘idir. Bu varsayıma dayanarak matris deg˘erli
hacim-formu da tanımlanmıs¸tır. 3 + 1 boyuttakine benzer s¸ekilde hacim-formun
her iki tanımı da kullanılarak Liouville denklemi elde edilmis¸ ve en sonunda spin
uzayı üzerinde iz is¸lemi yapılarak 5 + 1 boyutlu kiral anomali ifadesine ulas¸ılmıs¸tır.
Bu boyuttaki kiral manyetik akıma ulas¸mak için ise matris deg˘erli hacim-formun
simplektik matrisin kuvveti cinsiden tanımının Lie türevi alındıktan sonraki hali açıkça
elde edilmis¸ ve matris deg˘erli hareket denkleminin izi alınarak kiral manyetik etki
terimi bas¸arıyla elde edilmis¸tir. 3 + 1 ve 5 + 1 boyutta yarıklasik kiral anomali ve
kiral manyetik akım aynı formülasyon içerisinde elde edildikten sonra bu is¸lem tüm
d + 1 çift uzay-zaman boyutlarına genelles¸tirilmis¸tir. Bunun için yine ilk olarak
matris deg˘erli simplektirk formun genel hali yazılmıs¸ ve hareket denklemlerinin
genel hali elde edilmis¸tir. Hacim-formun 2d + 1 boyutlu faz uzayındaki tanımı hem
simplektik 2-formun kuvveti biçiminde hem de simplektik matrisin determinantının
karekökü cinsinden tanımlanmıs¸tır. 5 + 1 boyuttakine benzer s¸ekilde, her çift d + 1
boyutta da Berry eg˘riliklerinin tekkutup alanı verdig˘i gösterilmis¸ ve Liouville denklemi
kullanılarak d + 1 boyutta da kiral anomalinin olus¸tug˘u gösterilmis¸tir. Kiral manyetik
akıma ulas¸mak için hacim-formunun tanımından yola çıkarak hareket denklemlerinin
ilgili kısmı türetilmis¸ ve kiral manyetik etki dog˘ru biçimde ifade edilmis¸tir. Böylelikle
hem kiral manyetik etki, hem de kiral anomali tüm çift uzay-zaman boyutlarında aynı
yarıklasik kinetik kuramın çatısı altında elde edilmis¸tir. Her iki etkinin kaynag˘ının da
Berry eg˘rilig˘inin sonucu olan momentum uzayındaki tekkutup oldug˘u gösterilmis¸tir.
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Son kısımda ise Weyl Hamilton fonksiyonu ve ondan türetilen Berry ayar alanı
ile ilgili topolojik kavramlarla ilgili hesaplamalar yapılmıs¸tır. Sözkonusu sistemler
için d + 1 boyutlu Berry ayar alanı ve fermiyon propagatörünün topolojik dönme
sayısı tanımlanmıs¸ ve çes¸itli özellikleri belirtilmis¸tir. Öncelikle 3 + 1 boyutlu Weyl
sistemi incelenmis¸tir. 3 + 1 boyutlu fermiyon dönme sayısı pozitif alt uzaya izdüs¸üm
is¸lemcisi cinsinden ifade edilmis¸ ve bu ifadenin momentum uzayındaki tekkutup
alanının diverjansı oldug˘u gösterilmis¸tir. Böylelikle dönme sayısı hesaplanmıs¸ ve
kirallik sayısına es¸it oldug˘u gösterilmis¸tir. Öte yandan sözkonusu tekkutbun, Berry
eg˘rilig˘inden elde edilenle aynı oldug˘u açıkça gösterilmis¸tir. Dönme sayısının Chern
sayısına es¸it oldug˘u da ispatlanmıs¸tır. Sonrasında benzer argümanların geçerlilig˘i
5 + 1 boyutlu Weyl sistemi için de ispatlanmıs¸tır. Son olarak tüm bu sonuçlar tüm
çift d + 1 boyutlu Weyl sistemlerine tas¸ınmıs¸ ve dönme sayılarının her durum için
kirallik sayısına es¸it oldug˘u gösterilmis¸tir. Öte yandan dönme sayısında ortaya çıkan
tekkutbun Berry eg˘rilig˘inden elde edilenle aynı oldug˘u ve böylelikle her boyuttaki
Weyl sistemi için yarıklasik kiral anomali ve kiral manyetik etkinin varlıg˘ı ispat
edilmis¸tir. d + 1 boyutlu dönme sayısının Chern sayısına es¸it oldug˘u ve kirallig˘in
yarıklasik limitte tekkutbun yükü olarak ortaya çıktıg˘ı gösterilmis¸tir. Tekkutbun ayar
alanının antisimetrik tensör ayar alanı oldug˘u ispat edilmis¸tir. Sonuçta kirallig˘in
yarıklasik limitte de kendini topolojik kökenli tekkutup olarak gösterdig˘i ve yarıklasik
kiral anomaliye ve kiral manyetik etkiye sabep oldug˘u gösterilmis¸tir. Söz konusu
bulguların Weyl yarımetalleri için önemi tartıs¸ılmıs¸tır.
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1. INTRODUCTION
Combining quantum mechanics and special relativity Dirac, in 1928, derived the
following matrix equation
[iγµ∂µ −m]ψ(x) = 0, (1.1)
where xµ is the 4-vector and the Dirac gamma matrices satisfy the Clifford algebra:
{γµ, γν} = 2ηµν . (1.2)
ηµν = diag(1,−1,−1,−1) is the space-time metric and the index µ, ν = 0, ..., 3 in
3 + 1 dimensions.
Dirac equation (1.1) describes the free, relativistic, massive, spin 1/2 particles. Its
solutions ψ(x), namely the Dirac bi-spinors are the representations of the Lorentz
group. In its original time dependent form, (1.1) is written as
(α · i∇+ βm)ψ = i~∂ψ
∂t
,
in which α = γ0γ. Thus one introduces the Dirac Hamiltonian in momentum space
with the replacement i∇→ p:
H = α · p+ βm. (1.3)
Dirac’s α and β matrices obey the following anti-commutation relations,
{αi, αj} = 2δij, {αi, β} = 0, β2 = 1, i = 1, 2, 3.
The interaction of the Dirac particle with the electromagnetic fields is provided via the
minimal coupling ∂µ → ∂µ − ieAµ
[iγµ(∂µ − ieAµ)−m]ψ = 0. (1.4)
So that the equation (1.4) remains invariant under U(1) the gauge transformations
ψ → eiλ(x)ψ, Aµ → Aµ + 1
e
∂µλ(x),
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yielding to the conservation of the electric charge.
One can obtain (1.4) from the Dirac Lagrangian
L(ψ, ψ¯, A) = ψ¯[iγµ(∂µ − ieAµ)−m]ψ, (1.5)
by calculating its functional derivative with respect to the field ψ¯. (1.5) is an Abelian
gauge theory where Aµ is the U(1) gauge field. One can add the kinetic term due to
Aµ as
LG = −1
4
F µνFµν
to incorporate the dynamics of the photon, in which Fµν = ∂µAν − ∂νAµ is the
electromagnetic field strength.
Besides the gauge invariance, for the massless case m = 0 in all even dimensions,
(1.5) has a chiral symmetry under the chiral transformations
ψ → eiθγ5ψ, ψ¯ → ψ¯eiθγ5 ,
where γ5 = iγ0γ1γ2γ3. This classical symmetry leads to the conservation of the chiral
current
∂µj
µ
5 = 0, j
µ
5 = ψ¯γ
µγ5ψ.
However, the chiral symmetry is broken at the quantum level due the anomaly term,
∂µj
µ
5 = −
e2
16pi2
µνρσFµνFρσ.
where µνρσ is the 3 + 1 dimensional Levi-Civita tensor. The nonconservation of the
classically conserved chiral current on quantum level is called as the chiral (axial)
anomaly.
1.1 Purpose of Thesis
2 + 1 dimensional Dirac theory was considered to be unrealizable before the synthesis
of graphene which is a 2 dimensional electronic system made out of carbon atoms.
At the so-called Dirac points of the Brillouin zone, the charge carriers have a linear
dispersion relation because of the nontrivial band structure. Hence they satisfy a
Dirac-like equation. Haldane proposed a model for integer quantum Hall effect without
a net magnetic field which is based on 2 + 1 dimensional Dirac Hamiltonian. This is
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a time reversal breaking (TRB) model. On the other hand, Kane and Mele build a
time reversal invariant (TRI) model of spin Hall effect on graphene by incorporating
the spin degrees of freedom into the Haldane’s model. This model is named as the
quantum spin Hall insulator or 2 + 1 dimensional topological insulator. Topological
insulators are supposed to be a member of topological phases. By definition, they are
ordinary insulators in their bulk but they have topologically protected, robust surface
states which are conducting. They are classified by means of the topological invariants.
Hence, we would like to construct an effective field theory of 2 + 1 dimensional
topological insulator by applying the field theory methods. Our aim is to explore the
applicability of the field theoretical methods to the Kane-Mele model of spin Hall
insulator. We also would like to reveal relation between the 2 dimensional Chern
number expressed in terms of the Berry field strength and the winding number of the
free fermion propagator which corresponds to the conductivity of the spin Hall system
in the effective theory. In their model, Kane and Mele predicted that the quantization
of the spin Hall conductivity will be altered slightly in the presence of the Rashba
spin-orbit interaction. We also construct the effective field theory in the presence of
the Rashba interaction and explore its effect on the spin Hall conductivity analytically.
Qi et al. proposed a TRI model for the 4 + 1 dimensional topological insulator
which is generated from the Dirac Hamiltonian with the electromagnetic interactions.
They provide the theories of the lower dimensional time reversal invariant topological
insulators by dimensional reduction procedure. In their model, it was shown that the
θ term for the axion electrodynamics would be the effective action for the 3 + 1
dimensional topological insulators. We propose a model for 3 + 1 dimensional TRI
topological insulator strictly within 3 + 1 dimensions.
Then, we focus on the semiclassical applications of the massless Dirac Hamiltonian,
namely Weyl Hamiltonian. Both Son-Yamamoto and Stephanov-Yin, by modifying
the phase space with the Berry field strength, provide the chiral anomaly and chiral
magnetic effect (CME) in semiclassical regime in 3 + 1 dimensions. The Berry
curvature emerging from the diagonalization of the Weyl Hamiltonian results in a
Dirac monopole located at the center of the momentum space and this monopole
modifies the Hamiltonian equations of motion as well as the phase space measure. The
emergence of the chiral anomaly in the presence of the Berry curvature is generalized
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to higher dimensions by Dwivedi and Stone. On the other hand, Loganayagam
and Surowka conjectured the CME in d + 1 dimensions. Hence, it is desirable to
obtain a general formulation which provides semiclassical chiral anomaly and CME
in all even dimensions. We aimed to obtain such formulation and observe whether
both phenomena are linked to each other in higher dimensions. Then we study the
interrelation between the topological invariants of the Weyl Hamiltonian and try to
reveal the topological origin of the Dirac monopole.
1.2 Literature Review
The graphene model based on the Dirac Hamiltonian is proposed by [1, 2]. Haldane
model of integer quantum Hall effect can be found in [3]. The spin Hall phase on
graphene is predicted by [4]. Theoretical prediction of the topological insulators
in real materials is discussed in [5] and was observed for the first time in [6]. A
review of topological insulators can be found in [7–9]. Z2 topological classification
of topological insulators is done in [10]. For an introduction to Berry phase we refer to
the Berry’s original article [11]. Berry phase in condensed matter physics is reviewed
in [12]. Hall conductivity and its relation to the Berry phase and Chern number is
explored in [13, 14]. The effective field theory of TRI topological invariants in 4 + 1
dimensions and the dimensional reduction to lower dimensions are provided in [15].
In their effective theories the external gauge fields are coupled to charge and spin
currents. The effect of the Rashba spin orbit interaction on the spin Hall conductivity
is argued in [4]. Confirmation of the slight change of the spin Hall conductivity is
discussed in [16] by numerical methods. The experimental realization of the spin Hall
phase on graphene is discussed in [17], [18]. Recent proposed materials possessing the
honeycomb structure of the graphene but with a strong spin-orbit coupling are listed
in [19–23]. [24] provides an effective field theory of the 2 + 1 dimensional spin Hall
effect by coupling the third component of the spin to the external gauge fields. The
effective field theory of the spin Hall effect in the presence of the Rashba interaction
is discussed in terms of the Lagrangian methods in [25]. Topological field theories
are discussed in [26] in the context of the high energy physics. A review of the θ term
(axion electrodynamics) was done in [27]. 3+1 dimensional TRI topological insulators
are discussed in [28–30] Semiclassical chiral magnetic effect and chiral anomaly
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within the chiral kinetic theory is proposed in [31,32]. Modification of the phase space
measure with an introduction of the Berry field strength is discussed in [33]. CME
is conjectured by [35] in higher dimensions. The generalization of the semiclassical
chiral anomaly is presented in [34]. In [36], the matrix valued Hamiltonians in the
presence of non-Abelian Berry gauge field are discussed as a constrained system. The
Fermi liquid theory and its quasiparticle excitations are given in [37]. The quantum
field theory anomalies are explained with with all details in [38]. [39] discusses the
importance of topological invariants in the context of condensed matter physics. Weyl
semimetals are proposed in [40] and a current review on Weyl semimetals can be found
in [41].
1.3 Hypothesis
Although the underlying lattice structure of the considered condensed matter systems,
the field theoretic methods in continuum limit is indispensable for such materials
to understand their topological properties. The topological nature of these systems
necessarily dictates the topological field theories e.g. Chern-Simons action as the
effective action of the external gauge fields. These properties are directly linked to
the measurable quantities like the conductivity of the topological insulators. Besides,
nontrivial band structures of these systems can be understood by the Berry phase
arguments in which the topological invariants are constructed by. These topological
invariants can be shown to be equal to the ones which are calculated using the Green
functions of the related field theory.
Chiral anomaly is the nonconservation of a classically conserved current at the
quantum level, hence it is supposed to be a quantum phenomena. Recent studies of
the Weyl particles interacting with electromagnetic and Berry gauge fields present
the chiral anomaly and chiral magnetic effect at the semiclassical level. The
Dirac monopole which is the result of the Berry curvature in momentum space is
demonstrated to be responsible for the semiclassical chiral anomaly and CME. We
claim that the Dirac monopole structure is general in the sense that it emerges in all
even space dimensions through the diagonalization of the Weyl Hamiltonian. By this
way, it is possible to prove that both the chiral anomaly and CME are originated
from the existence of the Dirac monopole and they can be formulated within the
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same theory. The chirality property of the Weyl Hamiltonian is represented by the
topological property of the Dirac monopole whose charge is given by the related Chern
number.
6
2. BERRY GAUGE FIELD AND THE RELATION BETWEEN THE CHERN
NUMBER AND THE WINDING NUMBER
2.1 Purpose
Dirac’s theory in 2 + 1 dimensions was believed to be physically unrealizable before
the advention of the graphene which is a two dimensional electronic material. At the
Dirac points and in the low energy limit, the charge carriers of graphene effectively
satisfy the 2 + 1 dimensional Dirac equation [1, 2]. In [3] a TRB model based on
the 2 + 1 dimensional Dirac Hamiltonian was constructed where an integer quantum
Hall effect results without a net external magnetic field. In order to formulate the
spin Hall effect in graphene, Kane and Mele [4] extended the model [3] with the spin
degrees of freedom and built the TRI spin Hall effect which is now known as the 2
dimensional topological insulator. By this way, [4] yields the theoretical prediction of
the topological insulator phase in real materials [5]. For the first time in [6] it was
reported that this new phase was observed. Topological insulators have conducting
states moving at the boundary surface [7–9] nevertheless they are insulating in the
bulk.
Topological invariants already arises in the the case of quantum Hall effect which is
also a topological phase of matter. Hall conductance was expressed as the first Chern
number in [13, 14] which is a topological invariant. On the other hand, in 2 + 1
dimensions a topological field theory is constructed by integrating out the massive
Dirac electrons coupled to external Abelian gauge fields in the related path integral
[42–44]. The result is the Chern-Simons action whose coefficient is the winding
number of the fermion propagator. This topological number is found to be equal to
another topological number, namely to the first Chern number. The first Chern number
results from the Berry gauge curvature [11, 12] of the quantum Hall states. Thus the
quantum Hall effect can be described with a topological field theory which manifestly
violates time reversal symmetry [45,46]. The spin Hall current of the model presented
in [4] in 2+1 dimensions was derived by calculating the related Chern numbers in [47].
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However, it is possible to generate a manifestly TRI theory based on the Dirac
Lagrangian of massive fermions interacting with the external electromagnetic fields
by means of the 4 + 1 dimensional Chern-Simons action. In [15], this 4 + 1
dimensional topological action was expressed as the effective topological field theory
of the fundamental TRI topological insulator in 4 + 1 dimensions. They purposed that
all the lower dimensional theories of the TRI topological insulators can be obtained by
dimensionally reducting this effective action. It was also showed that the coefficient of
this topological action is the second Chern number given by the related matrix valued
Berry vector fields.
In this part, by employing the Foldy-Wouthuysen transformation, it is aimed to prove
the equivalence of the coefficients of the induced Chern-Simons actions with the Chern
numbers.
2.2 Foldy-Wouthuysen Transformation of the Massive Dirac Hamiltonian and
the Berry Gauge Field
Free and massive electron is described by the Dirac Hamiltonian
H = α · p+ βm. (2.1)
We deal with the d-dimensional momentum p vector whose components are denoted
by pA; A = 1, · · · , d. One can diagonalizes (2.1) as
UHU † = Eβ, (2.2)
where E is the total energy
E =
√
p2 +m2, (2.3)
and U is the Foldy-Wouthuysen transformation:
U =
βH + E√
2E(E +m)
.
A pure gauge field [48] can be extracted by means of the unitary transformation U as
AU = iU(p)∂U
†(p)
∂p
. (2.4)
Utilizing the (2.4), the Berry gauge field A can be acquired by projection on the
positive energy eigenstates of the Dirac Hamiltonian (2.1)
A ≡ I+AUI+, (2.5)
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where I+ is the projection operator onto the positive energy subspace. The Berry
gauge field (2.5) leads to the Berry field strength as
GAB = ∂AB
∂pA
− ∂AA
∂pB
− i[AA,AB], (2.6)
which is in general non-vanishing.
When the 2n+1 dimensional space-time coordinates where n = 1, 2 · · · , is of concern,
the Berry curvature can be used to define the Chern number which is the integral of the
Chern character over a compact manifold as in [49]
Nn = 1
(4pi)nn!
∫
M2n
d2np A1A2···A2ntr
{GA1A2 · · · GA2n−1A2n} . (2.7)
In 2 + 1 dimensions the Berry gauge field is Abelian and Gab = ∂Ab/∂ka − ∂Aa/∂kb,
where a, b = 1, 2, and the first Chern number is defined to be
N1 = 1
4pi
∫
d2kabtrGab. (2.8)
However,in 4+1 dimensions it is non-Abelian and the second Chern number is defined
as
N2 = 1
32pi2
∫
d4pijkltr{GijGkl}, (2.9)
where i, j, k, l = 1, 2, 3, 4.
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2.3 Topological Field Theories and the Chern Numbers
Field theory of electrons interacting with the external Abelian gauge field Aα is
described by the Dirac Lagrangian
L (ψ, ψ¯, A) = ψ¯ [γµ (pµ + Aµ)−m]ψ, (2.10)
where µ = 0, 1 · · · d. Integrating of the fermionic degrees of freedom in the related
path integral yields to the action of the external fields as
S[A] = −i ln det[iγµ(∂µ − iAµ)−m]. (2.11)
For d = 2n, among many other terms, it leads to
T [An+1] =
∫
[dq1] · · · [dqn+1]Aµ1(q1) · · ·Aµn+1(qn+1)piµ1···µn+1(q1 · · · qn+1).
In the above expression [dq] denotes the integral over the related phase space. At the
first loop order
piµ1···µn+1(q1 · · · qn+1) =
∫
d2n+1p
(2pi)2n+1
tr{G(p)λµ1(p, p−q1)G(p−q1) · · ·λµn+1(p+qn+1, p)},
where G(p) is the one particle Green function of the free Dirac equation and λµ is the
photon vertex. T [An+1] generates the (2n+ 1)-dimensional Chern-Simons action
S2n+1eff [A] = Cn
∫
d2n+1xµ1···µ2n+1Aµ1∂µ2Aµ3 · · · ∂µ2nAµ2n+1 , (2.12)
which can be taken as the topological effective action in the low energy limit. In the
weak field approximation the coefficient Cn can be written as [50]
Cn =
µ1ν1···µnνnµn+1
(n+ 1)(2n+ 1)!
∂(1)ν1 · · · ∂(n)νnpiµ1···µn+1(q1 · · · qn+1)|qi=0,
where ∂(n)µ ≡ ∂/∂qµn. The photon vertex with will be replaced by
λµ(p, p) = −i∂µG−1(p),
whereG−1(p) is the inverse of the free fermion propagatorG(p) and the coefficient Cn
can be expressed as the winding number of the G [50]:
Cn =
(−i)n+1µ1...µ2n+1
(n+ 1)(2n+ 1)!
∫
d2n+1p
(2pi)2n+1
tr{[G(p)∂µ1G(p)−1]...[G(p)∂µ2n+1G(p)−1]}.
(2.13)
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In terms of the Foldy-Wouthuysen transformation U, it is possible to invert (6.2) and
rewrite the Dirac Hamiltonian as H = EU †βU, which is suitable to express in a
projector form. Indeed, for pµ = (w,p) the inverse of the propagator can be written as
G−1(p) = w + (E + iε)(P− − P+), (2.14)
where the projection operators P+ and P−, satisfy:
P 2+ = P+, P
2
− = P−, P+ + P− = 1. (2.15)
They are given explicitly as
P+ = U
†I+U, P− = U †I−U. (2.16)
The operators I±
I+ =
(
1 0
0 0
)
, I− =
(
0 0
0 1
)
.
projects to the positive and the negative energy states respectively. Now, (2.14) can
easily be inverted to obtain the Green function G(p) as
G(p) =
P+
w − (E + iε) +
P−
w + (E + iε)
.
The infinitesimal parameter εwill not be indicated unless necessary. Derivative ofG−1
with respect to p0 = w is equal to unity:
∂G−1(p)
∂w
= 1. (2.17)
Moreover, owing to the projector form (2.14) and the energy-momentum relation (2.3),
it also satisfies
∂G−1(p)
∂pA
=
kA
E
(P− − P+)− 2E∂P+
∂pA
. (2.18)
The following relations between the projection operators P+ and P−
P+
∂P−
∂pA
= −∂P+
∂pA
P− =
∂P−
∂pA
P−; P−
∂P−
∂pA
= −P−∂P+
∂pA
=
∂P−
∂pA
P+,
can easily be derived by inspecting their basic properties (2.15).
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2.3.1 Relation between C1 andN 1
The integration of the massive Dirac fermions in 2 + 1 dimensions in the related path
integral with the Lagrangian (2.10) leads to the effective action
S2+1eff [A] = C1
∫
d3xµνρAµ∂νAρ, (2.19)
where µ, ν, ρ = 0, 1, 2. (2.19) is a topological in the sense that it does not depend on
the spacetime metric tensor. It is called as 2 + 1 dimensional Chern-Simons action.
The coefficient C1 is given by
C1 = − 1
12
µνρ
∫
d2pdw
(2pi)3
tr{[G∂µG−1][G∂νG−1][∂ρG−1]}. (2.20)
Making use of (2.17) (2.20) can be expressed as
C1 = −1
4
ab
∫
d2pdw
(2pi)3
tr{G(p)2∂aG(p)−1G(p)∂bG(p)−1}.
By employing (2.18), it can be easily observed that the quadratic terms in pi vanish, so
that
C1 = −1
4
ab
∫
d2pdw
(2pi)3
tr{( P+
(w − E)2 +
P−
(w + E)2
)(4E2∂aP+G∂bP+
−2ka[P− − P+]G∂bP+ − 2kb∂aP+G[P− − P+])}.
One can observe that pa and pb terms combine to vanish
2abtr{[ P+
(w − E)3 −
P−
(w + E)3
][ka∂bP+ + kb∂aP+] = 0,
even before performing the w integration. After revoking the infinitesimal parameter
ε, the remaining terms become
C1 = −ab
∫
d2pdw
(2pi)3
E2tr{( P+
(w−E−iε)2(w+E+iε)
+
P−
(w−E−iε)(w+E+iε)2
)∂aP+∂bP+}.
Integration over w yields
C1 =
i
8pi2
ab
∫
d2ktr{P+∂aP+∂bP+}.
Making use of the definitions (2.16), one can easily compute that
abtr{P+∂aP+∂bP+} = abtr{(I+U∂aU †)(I+U∂bU †) + I+∂aU∂bU †I+}
= abtr{I+∂aU∂bU †I+}.
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However, plugging the field strength (2.6) of the Abelian Berry gauge field (2.5) into
(2.8) yields
N1 =
i
2pi
∫
d2kabtr{I+∂aU∂bU †I+}.
Therefore, one concludes that
C1 =
N1
4pi
. (2.21)
2.3.2 Relation between C2 andN 2
In 4 + 1 dimensions, the effective topological action (2.12) becomes
S4+1eff [A] = C2
∫
d5xµνραβAµ∂νAρ∂αAβ,
where µ, ν, · · · = 0, · · · , 4. For n = 2 (2.13) provides C2 as
C2 =
i
3× 5!
∫
d4pdw
(2pi)5
µνραβtr{G∂µG−1G∂νG−1G∂ρG−1G∂αG−1G∂βG−1}.
(2.22)
Plugging (2.17) and (2.18) into (2.22) yields
C2 =
i
3× 4!ijkl
∫
d4pdw
(2pi)5
tr{GG[pi
E
(P− − P+)− 2E∂iP+]G
[
pj
E
(P− − P+)− 2E∂jP+]G[pk
E
(P− − P+)− 2E∂kP+]G[pl
E
(P− − P+)− 2E∂lP+]}.
Because of the symmetry properties the terms depending on p at the second or higher
order vanish. Thus, only the following terms are allowed
C2 =
i
9(2pi)5
ijkl
∫
d4pdwtr{2E4GG∂iP+G∂jP+G∂kP+G∂lP+
−E2(kiGG[P− − P+]G∂jP+G∂kP+G∂lP+ + kjGG∂iP+G[P− − P+]G∂kP+G∂lP+
+kkGG∂iP+G∂jP+G[P− − P+]G∂lP+ + klGG∂iP+G∂jP+G∂kP+G[P− − P+]
)}.
Inspecting the symmetry aspects one can easily observe that the second and the fifth
terms are summed to vanish. Likewise, one can show that gathered together the third
and the fourth terms vanish by making use of the relations
∂iP+G(P− − P+) =
(
P+
w+E
− P−
w−E
)
∂iP+, (P− − P+)G∂lP+ = ∂lP+
(
P+
w+E
− P−
w−E
)
.
Hence, one obtains
C2 =
2i
9(2pi)5
ijkl
∫
d4pdwE4tr[G2∂iP+G∂jP+G∂kP+G∂lP+].
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After recalling the ε by the replacement E → E + iε, this can be expressed as
C2 =
2i
9(2pi)5
ijkl
∫
dpkdw E4tr[( P+
(w−E−iε)3(w+E+iε)2 +
P−
(w−E−iε)2(w+E+iε)3 )
∂iP+∂jP+∂kP+∂lP+].
By performing the w integration C2 is calculated to be
C2 = − 1
12
ijkl
∫
d4p
(2pi)4
tr{∂iP+P−∂jP+∂kP+P−∂lP+}. (2.23)
In terms of the explicit forms of P− and P+ given by (2.16) the integrand of (2.23) can
be expressed as
ijkltr{∂iP+P−∂jP+∂kP+P−∂lP+}
= ijkltr{(U †I+∂iU + ∂iU †I+U)P−(U †I+∂jU + ∂jU †I+U)
(U †I+∂kU + ∂kU †I+U)P−(U †I+∂lU + ∂lU †I+U)}
= ijkltr{I+∂iUP−∂jU †I+∂kUP−∂lU †I+}. (2.24)
The Berry gauge field (2.5) is non-Abelian and its curvature Fij can be written as
Fij = iI+∂iU∂jU †I+ + iI+U∂iU †I+U∂jU †I+ − i↔ j
= iI+∂iUP−∂jU †I+ − iI+∂jUP−∂iU †I+.
Restoring it into the definition of the second Chern number (2.9) and inspecting (2.23)
and (2.24) one comes to the conclusion
C2 =
N2
24pi2
. (2.25)
Generalizing this method to higher dimensions is quite straightforward.
2.4 Discussions
We use the Foldy-Wouthuysen transformation of Dirac Hamiltonians in order to
acquire the Berry gauge fields. Explicitly, the first and second Chern numbers
are derived. It is shown that the winding numbers of the free Dirac propagators
are equal to the coefficients of the effective Chern-Simons actions in both 2 + 1
and 4 + 1 dimensions. This construction can be generalized to higher dimensions
straightforwardly.
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3. EFFECTIVE FIELD THEORY OF 2 + 1 DIMENSIONAL TOPOLOGICAL
INSULATOR IN THE PRESENCE OF RASHBA SPIN-ORBIT COUPLING
3.1 Purpose
The Kane-Mele model of monolayer graphene [4] provides a formulation of the 2+1
dimensional time reversal invariant topological insulator which is also known as the
quantum spin Hall insulator. In this new topological phase of matter the bulk is
insulating but there exist topologically protected gapless states moving on the edge.
In the low energy and long wavelength regime the charge carriers of graphene are
effectively massless Dirac-like fermions at the Dirac points K,K ′. In [4] properties of
these electrons in the presence of intrinsic as well as Rashba spin-orbit interactions are
investigated. In the Kane-Mele model when only the intrinsic spin-orbit coupling is
considered, two copies of the Haldane model [3] are combined to provide a quantized
(integer) spin Hall conductivity. Kane and Mele also argued that when both the
intrinsic and Rashba spin-orbit coupling terms are present, although the spin Hall
conductivity is not quantized it has a value which slightly differs from the quantized
one. Actually, this is confirmed by [16] using numerical methods. However, it is
reported in [17], [18] that the spin Hall phase is not experimentally realizable in
graphene because of the weak intrinsic spin-orbit coupling strength. Nevertheless,
there are some recent proposals of synthesizing new materials which possess the
honeycomb structure of graphene with a large spin-orbit gap [19–23].
An efficient tool to reveal the general predictions of topological insulators is to
construct the effective field theory of the external fields coupled to charge and spin
degrees of freedom [15]. Effective theories are insensible to the internal structure
of the inspected material. They give its response to the external fields. When only
the intrinsic spin-orbit coupling term is taken into account, the effective theory of
2 + 1 dimensional TRI topological insulator is well established in [15, 52]. This is
a topological field theory where the coefficients appearing in the action are related
to the first Chern numbers of the constituting Dirac-like Hamiltonians. One can
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couple an external field to the third component of spin sz which combines with the
electromagnetic field to procure a non-vanishing effective action whose coefficient is
the quantized spin Hall conductivity [24]. The third component of spin is not conserved
in the presence of Rashba interaction, nevertheless one can still deal with the spin Hall
conductivity whose presence indicates the spin Hall phase.
The aim is to explore whether the expected spin Hall conductivity can be obtained
from the effective action of the external electromagnetic and spin fields within the
model [4] in the presence of Rashba interaction. This effective theory was studied in
terms of Lagrangian methods in [25]. However in this work the Hamiltonian methods
are adopted to derive the effective action of the external fields coupled to charge and
spin degrees of freedom of the full Kane-Mele model where the link between the
coefficients taking part in the effective theory and topological Chern numbers can be
found straightforwardly.
3.2 Model and the Effective Field Theory
Graphene possesses a honeycomb lattice structure based on theA andB sublattices. At
the two inequivalent Dirac points K, K ′ of the Brillouin zone valence and conduction
bands touch each other yielding conductivity. Around these points in the low energy
and long wavelength limit charge carriers effectively obey the free, massless Dirac-like
Hamiltonian
H0 = σxτzpx + σypy,
where the effective velocity of electrons is set as vF = 1. The Pauli spin matrices σx,y,z
act on the states of the sublattices A, B, while τz = diag(1,−1) indicates the Dirac
points K, K ′. In [4] it is suggested to generate a mass gap by the intrinsic spin-orbit
coupling term
HSO = ∆SOσzτzsz.
They also considered the Rashba spin-orbit interaction term
HR = λR(σxτzsy − σysx).
In the above expression the constant parameter λR is experimentally tunable. The Pauli
spin matrices sx,y,z correspond to the spin degrees of freedom of chatge carriers. Thus,
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the total Hamiltonian of the Kane-Mele model is
H = H0 +HSO +HR. (3.1)
For λR = 0 the third component of spin, sz, which can be labeled by ↑↓ is conserved.
Hence, spin current can directly be defined as jspin = j↑− j↓. It leads to the quantized
spin Hall conductivity, that is σSH = 1/2pi, in the e = 1, ~ = 1 units. This spin current
can also be derived from the action, µ, ν, ρ = 0, 1, 2,
Ss =
1
2pi
∫
d3xµνρΩµ∂νAρ, (3.2)
where Aµ and Ωµ are the external electromagnetic and spin gauge fields currents [24].
This result (3.2) is obtained as the effective action which is computed by integrating out
the fermionic fields in the path integral of the field theory described by the following
Lagrangian density of the Kane-Mele model for λR = 0,
L0 = ψ¯
[
γµ
(
i∂µ + Aµ +
Sz
2
Ωµ
)
−∆SO
]
ψ, (3.3)
where
γ0 = σzτzsz, γ
1 = iσysz, γ
2 = −iσxτzsz,
and Sz = diag (sz, sz, sz, sz) . It is desirable to extend this stratagem for deriving the
spin Hall conductivity to the fully fledged Kane-Mele model given by (3.1). Although
when λR is nonvanishing the third component of spin does not commute with the
Hamiltonian (3.1), so that the current jsµ = ψ¯γµ
Sz
2
ψ is not conserved, one can still
define a conserved spin current [53] and calculate the spin Hall conductivity. Indeed,
Kane and Mele argued that when ∆SO > λR the Hamiltonian (3.1) yields the spin Hall
conductivity which slightly differs from the quantized value 1/2pi. This is confirmed
in [16] by studying the model numerically. The goal of this work is to derive the
effective field theory of external fields Aµ,Ωµ, considering the Kane-Mele model
Lagrange density in the presence of Rashba spin-orbit interaction:
L (ψ, ψ¯, A,Ω) = ψ¯ [γµ(i∂µ + Aµ + Sz
2
Ωµ
)
−∆SO − λR(σysx − σxτzsy)
]
ψ (3.4)
In the partition function,
Z =
∫
DψDψ¯DAµDΩµe
i
∫
d3xL,
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one may integrate out ψ and ψ¯ to acquire the effective theory of the external fields
Aµ,Ωµ: ∫
DψDψ¯DAµDΩµe
iS =
∫
DAµDΩµe
iSeff .
Seff is defined as
Seff [A,Ω] = −i ln det
[
iγµ(∂µ − iAµ − iSz
2
Ωµ)−∆SO − λR(σysx − σxτzsy)
]
(3.5)
In the low energy limit one can interest only in the following topological terms which
(3.5) evokes ,
Seff = C
∫
d3xµνρAµ∂νAρ+Cs
∫
d3xµνρΩµ∂νAρ+CΩ
∫
d3xµνρΩµ∂νΩρ. (3.6)
(3.6) yields the spin current
jµspin =
δSeff
δΩµ
It is worth mentioning that the spin current obtained from the action (3.6) is conserved,
that is ∂µj
µ
spin = 0, though the third component of spin Sz does not commute with the
Hamiltonian (3.1). It is a consequence of dealing with the low-energy limit where the
higher order gradient terms in the expansion of (3.5) are ignored. In the weak field
approximation the coefficients in (3.6) are given in terms of the fermion propagator
G(p) and its inverse G−1(p) by [50]
C = − 1
12
µνρ
∫
d3p
(2pi)3
tr
{[
G∂µG
−1] [G∂νG−1] [G∂ρG−1]} , (3.7)
Cs = − 1
12
µνρ
∫
d3p
(2pi)3
tr
{
Sz
[
G∂µG
−1] [G∂νG−1] [G∂ρG−1]} , (3.8)
CΩ = − 1
12
µνρ
∫
d3p
(2pi)3
tr
{
Sz
[
G∂µG
−1]Sz [G∂νG−1] [G∂ρG−1]} , (3.9)
where ∂µ ≡ ∂/∂pµ. For λR = 0, one can write H0 + HSO =
diag(H↑+, H↑−, H↓+, H↓+) in terms of 2×2 matrices, where± labels the Dirac points
K, K ′. One can show that the coefficients can be expressed in terms of the related first
Chern numbers ( [15], [52] and the references therein). Indeed, the coefficients of the
Chern-Simons terms are given by
C(λR = 0) = CΩ(λR = 0) = (N
↑+
1 +N
↑−
1 +N
↓+
1 +N
↓+
1 )/4pi.
The related first Chern numbers were obtained to be N↑±1 = 1/2, N
↓±
1 = −1/2.
Thereby one observes that C(λR = 0) = CΩ(λR = 0) = 0. Vanishing of these
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coefficients was expected due to the fact that Kane-Mele model is time reversal
invariant but the Chern-Simons terms lack this symmetry. However, the other
coefficient is given by
Cs(λR = 0) = (N
↑+
1 +N
↑−
1 −N↓+1 −N↓+1 )/4pi = 1/2pi.
Therefore, (3.2) occurs to be the effective action of the theory described by (3.3).
In the presence of Rashba interaction, i.e. λR 6= 0, the coefficients (3.7)-(3.9) were
constructed within Lagrangian methods in [25] up to the first-order terms in λR/∆SO.
Moreover, in [54] an effective theory for a model which is similar to the Kane-Mele
model was constructed. In [54], it was claimed that the model considered is equivalent
to the Kane-Mele model (3.1), because of only employing another representation of
the gamma matrices given by γµ = σzγ
µ
KM , where γ
µ
KM are the gamma matrices of
the Kane-Mele model. However, they adopted the definition γ0 = σz which leads to
the erroneous result γ0KM = 1. The following section is devoted to calculate these
coefficients explicitly.
3.3 Calculation of the Coefficients
In order to attain the one particle Green function of free Dirac field G(p), one would
like to employ the Hamiltonian methods. The matrix form of the Kane-Mele model
Hamiltonian (3.1) can be written as
H =

∆SO 0 0 0 px−ipy 0 0 0
0 −∆SO 0 0 2iλR px−ipy 0 0
0 0 −∆SO 0 0 0 −px−ipy 2iλR
0 0 0 ∆SO 0 0 0 −px−ipy
px+ipy −2iλR 0 0 −∆SO 0 0 0
0 px+ipy 0 0 0 ∆SO 0 0
0 0 −px+ipy 0 0 0 ∆SO 0
0 0 −2iλR −px+ipy 0 0 0 −∆SO

.
(3.10)
In terms of p2 = p2x + p
2
y, the eigenvalues of (3.10) are calculated to be
E1 = E2 = λR +
√
(∆SO − λR)2 + p2,
E3 = E4 = −λR +
√
(∆SO + λR)2 + p2,
E5 = E6 = λR −
√
(∆SO − λR)2 + p2,
E7 = E8 = −λR −
√
(∆SO + λR)2 + p2.
(3.11)
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G(p) can be acquired by means of the Foldy-Wouthuysen unitary transformation U
which is defined to satisfy
UHU † = diag(E1, · · · , E8) ≡
8∑
M=1
EMI
M . (3.12)
Here IM is the matrix whose elements vanish other than (IM)MM = 1. The
eigenfunctions corresponding to the energy eigenvalues (3.11) can be employed to
establish the unitary matrix U which diagonalizes the Hamiltonian (3.10) as
U =

0 0 −iF1 (px−ipy)F1∆SO−E1 0 0
−i(px+ipy)F1
∆SO−E1 F1
i(px+ipy)F2
px−ipy
−(∆SO−E2)F2
px−ipy 0 0
−i(∆SO−E2)F2
px−ipy F2 0 0
0 0 iF3
(px−ipy)F3
∆SO−E3 0 0
i(px+ipy)F3
∆SO−E3 F3−i(px+ipy)F4
px−ipy
−(∆SO−E4)F4
px−ipy 0 0
i(∆SO−E4)F4
px−ipy F2 0 0
0 0 −iF5 (px−ipy)F5∆SO−E5 0 0
−i(px+ipy)F5
∆SO−E5 F5
i(px+ipy)F6
px−ipy
−(∆SO−E6)F6
px−ipy 0 0
−i(∆SO−E6)F6
px−ipy F6 0 0
0 0 iF7
(px−ipy)F7
∆SO−E7 0 0
i(px+ipy)F7
∆SO−E7 F7−i(px+ipy)F8
px−ipy
−(∆SO−E8)F8
px−ipy 0 0
i(∆SO−E8)F8
px−ipy F8 0 0

.
(3.13)
The normalization factors are given by
F2m−1 =
√
(∆SO − Em)2
2((∆SO − Em)2 + p2) , F2m =
√
p2
2((∆SO − Em)2 + p2) (3.14)
where m = 1, 2, 3, 4. (3.14) satisfy the following condition:
F 22m−1 + F
2
2m =
1
2
. (3.15)
Inverting the unitary transformation (3.12), it is possible to retrieve the Hamiltonian
(3.10) in the form
H =
8∑
M=1
EMP
M ,
where PM = U †IMU. is introduced. Obviously PM are projection operators:
8∑
M=1
PM = 1, PMPN = δMNPN .
Now, one can construct the Green function G(p) and its inverse G−1(p) as
G(p) =
8∑
M=1
PM
w − EM , G
−1(p) = w −
8∑
M=1
EMP
M , (3.16)
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where pµ = (w, pa); a = 1, 2. Note that the derivatives of the inverse Green function
G−1(p) obey
∂G−1(p)
∂w
= 1,
∂G−1(p)
∂pa
= −
8∑
M=1
(
pa
EM
PM + EM∂aP
M
)
. (3.17)
To proceed we would like to perform the w integrations in (3.7)-(3.9). This requires
that the energies EM ; M = 1, · · · , 8, are arranged to be definitely positive or negative.
One restricts the values of coupling constant to ∆SO > 2λR, so that it is possible to
divide the spectrum as Eα, α = 1, 2, 3, 4, which are positive and Ei, i = 5, 6, 7, 8,
which are negative. Notice that in the limit λR → 0, the eigenvalues E1,2 and E3,4
(similarly E5,6 and E7,8) approach each other. Hereafter the following conventions are
adopted: α, β, γ = 1, ..., 4; i, j, k = 5, ..., 8; M,N = 1, ..., 8; and a, b = 1, 2.
3.3.1 Calculation of C and CΩ
The winding number (3.7) can be written as
C = −1
4
εab
∫
d2pdw
(2pi)3
tr
{
G2(p)∂aG
−1(p)G(p)∂bG−1(p)
}
. (3.18)
The repeating a and b indices are summed over. Employing the definition of the Green
function (3.16) and the derivatives of its inverse given in (3.17) one can demonstrate
that the terms explicitly linear and quadratic in pa vanish directly and after performing
the w integration the remaining part leads to
C =
−iεab
16pi2
∫
d2p
tr
∑
α,β,i
EβP
i
(
∂aP
α∂bP
β − ∂bP β∂aPα
)
Eα − Ei +
∑
α,i,j
EjP
α
(
∂aP
i∂bP
j − ∂bP j∂aP i
)
Eα − Ei
 .
The terms other than α = β and i = j do not contribute, hence one gets
C = − i
8pi2
εab
∑
α,i
∫
d2ptr
{
Eα
Eα − EiP
i∂aP
α∂bP
α +
Ei
Eα − EiP
α∂aP
i∂bP
i
}
.
(3.19)
Remembering that PM = U †IMU, (3.19) can be expressed in the form
C =
i
8pi2
εab
∑
α,i
∫
d2ptr
{
IαAUa I
iAUb
}
, (3.20)
where AUa = iU∂aU
† is introduced. Because of being a pure gauge field curvature of
AUa identically vanishes. However, one can construct the Berry gauge field through the
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projection of the AU to the positive energy states [48] by
ABa = i
∑
α,β
IαU∂aU
†Iβ,
whose field strength
FBab = ∂aA
B
b − ∂bABa − i[ABa , ABa ],
does not vanish in general. The first Chern number is defined in terms of the Berry
curvature as
N1 =
1
4pi
∫
d2pεabtrFBab. (3.21)
The topological numbers (3.18) and (3.21) are connected to each other by
C =
N1
4pi
.
This relation can be accomplished by observing that, due to the identity
∑
i I
i = 1 −∑
α I
α, one can express (3.20) as
C =
−iεab
8pi2
∑
α
∫
d2ptr
{
IαU∂aU
†U∂bU †Iα
}
+
iεab
8pi2
∑
α,β
∫
d2ptr
{
IαU∂aU
†IβU∂bU †Iα
}
.
(3.22)
Having attained the relation between the Chern number (3.21) and the winding number
(3.18), the next step is to calculate the coefficient C explicitly. In a straightforward
manner (3.22) can be written as
C =
i
8pi2
εab
∫
tr
{∑
α
Iα∂aU∂bU
†Iα −
∑
α,β
Iα∂aUP
β∂bU
†Iα
}
. (3.23)
After performing the trace operation and making use of (3.13), the first term vanishes:
∂aU21∂bU
?
21 + 2∂aU22∂bU
?
22 + ∂aU41∂bU
?
41 + 2∂aU42∂bU
?
42 = 0.
On the other hand, the second term in (3.23) yields
εab
{
(P 211 + P
4
11) (∂aU21∂bU
?
21 + ∂aU41∂bU
?
41)
+4iIm
[
P 212 (∂aU21∂bU
?
22 + ∂aU25∂bU
?
26) + P
4
12 (∂aU41∂bU
?
42 + ∂aU45∂bU
?
46)
]
+2iIm[(P 216 + P
4
16) (∂aU21∂bU
?
26 + ∂aU41∂bU
?
46)]
+4P 222∂aU22∂bU
?
22 + 4P
4
22∂aU42∂bU
?
42
}
. (3.24)
In terms of the polar coordinates
p =
√
p2x + p
2
y, θ = arctan
py
px
, (3.25)
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one can demonstrate that (3.24) vanishes as
4i
p
(F 22 ∂pF
2
2 + F
2
4 ∂pF
2
4 )−
8i
p
(F 32 ∂pF2 + F
3
4 ∂pF4)] = 0.
In these calculations the explicit forms of the Green functions obtained from the
Kane-Mele model are used. However, the properties of Green functions which led
us to conclude that the coefficient C vanishes, are extendable to any Dirac-like theory
whose energy spectrum possesses particle-hole (antiparticle) symmetry.
One of the benefits of using Hamiltonian methods is the fact that the coefficients
corresponding to the subspaces labeled by τz = ±1 and sz =↑↓ can be calculated
explicitly. In fact, they yield the Chern numbers
N↑±1 = 1/2, N
↓±
1 = 1/2.
The coefficient CΩ (3.9), can be demonstrated to be equal to C (3.7). Observe that
SzH(λR)Sz = H(−λR).
This interchanges the positive and negative energy eigenvalues within themselves:
E1 ↔ E3 and E5 ↔ E7. Thereby SzG−1Sz and SzGSz are captured from G−1 and G
by this exchange of eigenvalues. However, the initial w integrals which led to (3.19)
are not altered under the exchange E1 ↔ E3 and E5 ↔ E7. Therefore one concludes
that CΩ = C = 0.
Vanishing of the coefficients CΩ and C, was expected because of the fact that under
the time reversal symmetry Kane-Mele model is invariant but Chern-Simons action
acquires an overall minus sign.
3.3.2 Calculation of Cs
Substituting the first derivative of the inverse Green function with respect to w by
(3.17), the coefficient Cs, (3.8), can be separated into three parts:
Cs = − 1
12
εab
∫
d2pdw
(2pi)3
tr
{
SzG
2∂aG
−1G∂bG−1 − SzG∂aG−1G2∂bG−1
+SzG∂aG
−1G∂bG−1G
}
≡ C(1)s + C(2)s + C(3)s . (3.26)
Restoring ∂aG−1(p) given by (3.17) into (6.15) yields terms which are explicitly
linear and quadratic in pa. Obviously, the terms quadratic in pa vanish. After some
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calculations one can show on general grounds that the terms linear in pa also yield a
vanishing contribution. In order to deal with the remaining terms,firstly one would like
to perform the w integration. For this aim, first and the second constituents of (6.15)
can be written as
C(1)s = −
εab
12
∑
α,i,M
∫
d2pdw
(2pi)3
tr
{(
SzEiP
α∂aP
i
(w − Eα)2(w − Ei) −
SzEiP
i∂aP
α
(w − Ei)2(w − Eα)
)
EM∂bP
M
}
,
C(2)s =
εab
12
∑
α,i,M
∫
d2pdw
(2pi)3
tr
{(
SzEiP
α∂aP
i
(w − Eα)(w − Ei)2 −
SzEiP
i∂aP
α
(w − Ei)(w − Eα)2
)
EM∂bP
M
}
.
Now one can integrate over w and find that they acquire the same form:
C(1)s = C
(2)
s = −
i
48pi2
εab
∑
α,i,M
∫
d2ptr
{
Sz
Pα∂aP
i + P i∂aP
α
Eα − Ei EM∂bP
M
}
.
They can be expressed as
C(1)s = C
(2)
s = −
i
48pi2
∑
α,i,M
∫
d2ptr
{
(Ei − EM)PMSzPαI i + (Eα − EM)PMSzP iIα
Eα − Ei
}
,
(3.27)
where the definition IM = εab∂aU †IM∂bU is used. However, due to the fact that
[Sz, P
M ] 6= 0, the third constituent of (6.15) yields
C(3)s = −
εab
12
∑
L,M 6=N
∫
d2pdω
(2pi)3
tr
{
(EN − EM)PLSzPM(EL∂aPN∂bPL + EN∂aPN∂bPN)
(ω − EL)(ω − EM)(ω − EN)
}
.
By performing the w integration one obtains
C(3)s = −
i
48pi2
∫
d2ptr
{
P 57
(I1 + I3)+ P 68 (I2 + I4)− P 13 (I5 + I7)− P 24 (I6 + I8)
+P 35
(
E1 − E3
E5 − E3I
1 − E7 − E5
E3 − E5I
7
)
+ P 46
(
E2 − E4
E6 − E4I
2 − E8 − E6
E4 − E6I
8
)
(3.28)
+P 17
(
E3 − E1
E7 − E1I
3 − E5 − E7
E1 − E7I
5
)
+ P 28
(
E4 − E2
E8 − E2I
4 − E6 − E8
E2 − E8I
6
) }
,
where PMN ≡ PMSzPN + PNSzPM was introduced. Combining (3.28) with (3.27)
one obtains
Cs =
−2
3pi
∫
dp
×
{
F 26F
2
8
([−3E1E3 − 3E23 + 3E21 + 3(E5 + E7)2 + E25 + E27 + E5E7] ∂pF 21(∆SO − E1)2 + 1↔ 3
)
− F 22F 24
([−3E5E7 + 3E25 − 3E27 + 3(E1 + E3)2 + E21 + E23 + E1E3] ∂pF 25(∆SO − E5)2 + 5↔ 7
)
− F
2
4F
2
6
E5 − E3
(
(E3 − E1)3 ∂pF
2
1
(∆SO − E1)2 − (E7 − E5)
3 ∂pF
2
7
(∆SO − E7)2
)
+
F 22F
2
8
E7 − E1
(
(E3 − E1)3 ∂pF
2
3
(∆SO − E3)2 − (E7 − E5)
3 ∂pF
2
5
(∆SO − E5)2
)}
, (3.29)
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Figure 3.1: Cs with respect to ∆SO/λR.
where M ↔ N denotes the term which arises from the former entry by interchanging
M and N. The detailed calculations are saved for Appendix (A).
The integral in (3.29) can not be managed analytically. However, the numerical
calculations are in accord with the result
Cs = R(∞)−R(0), (3.30)
where R(p) is deduced to be
R(p) =
1
6pi
[ ∆SO − λR√
(∆SO − λR)2 + p2
+
∆SO + λR√
(∆SO + λR)2 + p2
− ∆SO
2λR
tanh−1
√
1 +
p2
(∆SO − λR)2 +
∆SO
2λR
tanh−1
√
1 +
p2
(∆SO + λR)2
]
.(3.31)
In the limit p → ∞ (3.31) vanishes, but its p → 0 limit depends on the ratio of the
coupling constants ∆SO and λR as:
lim
p→0
R(p) =
1
3pi
[
1 +
1
4
∆SO
λR
ln(
∆SO + λR
∆SO − λR )
]
For diverse values of the coupling constants satisfying ∆SO > 2λR, Cs occurs to be in
the range between 0.506/pi and 0.500/pi. For example it is found that Cs = 0.506/pi
for ∆SO
λR
= 3 and Cs0.502/pi for ∆SOλR = 5. As it is plotted in Figure 3.1, for
∆SO
λR
≥ 5,
(3.30) has values closer to Cs = 1/2pi which is the exact result when ∆SO  λR.
3.4 Discussions
Response of the system (3.4) to the field Ωµ, which is the spin current j
µ
spin, can be
obtained from the effective action (3.6) as
jµspin =
δSeff
δΩµ
.
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It is found that the coefficient CΩ vanishes, so that the spin current provided by the
effective action is
jµspin = Cs
µνρ∂νAρ,
where Cs ≈ e/2pi. It is worth mentioning that the spin current is conserved (at least at
the tree level), ∂µj
µ
spin = 0, though the third component of spin Sz does not commute
with the Hamiltonian (3.1). The spatial component of spin current can be interpreted
in terms of the spin Hall conductivity σSH and the electric field Ea = ∂aA0 − ∂0Aa as
jaspin = σSHabEa.
Thus, one can conclude that for the Kane-Mele model in the presence of Rashba
interaction (3.4) it has approximately the quantized value
σSH = Cs ≈ 1
2pi
, (3.32)
for ∆SO > 2λR. Within the Kane-Mele model in the presence of Rashba interaction,
(3.4), a realization of the 2 + 1 dimensional spin Hall phase in a certain range of
values of the interaction parameters, ∆SO, λR, was suggested in [23]. In this molecular
graphene construction in order to achieve quantum spin Hall phase, a suitable set of
values was given by ∆SO = 0.145eV, and λR = 0.04eV. In fact, adopting these values
our numerical calculation produces the result σSH ≈ 1/2pi. Moreover, response of the
Kane-Mele model (3.4) to the external electromagnetic gauge field Aµ can be derived
from the effective action (3.6) as
jµcharge =
δSeff
δAµ
.
It is shown that the coefficient of the Chern-Simons term, C, vanishes, so that the
charge current furnished by the effective action is
jµcharge ≈
1
2pi
µνρ∂νΩρ. (3.33)
In [15] it was demonstrated that (3.33) is the fundamental response equation for the
quantum spin Hall effect.
In order to consider the spin Hall phase a topological invariant spin Chern number
was introduced in [55]. The definition of [55] relies on the fact that one can project
eigenstates of a gapped Hamiltonian to up and down sectors of the spin operator Sz,
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even if it does not commute with the related Hamiltonian. In [56] this definition was
adopted to calculate the spin Chern numbers NSC±↑↓ for the Kane-Mele model in the
presence of Rashba interaction. As it is already noted, ± and ↑↓ label the Dirac points
and the Sz eigenvalues. They obtained
NSC±↑ = K±↑(∞)−K±↑(0) =
1
2
,
NSC±↓ = K±↓(∞)−K±↓(0) = −
1
2
,
where
K+↑(p) = −K+↓(p) = F2(p)F4(p),
K−↑(p) = −K−↓(p) = F6(p)F8(p). (3.34)
Now, the “total spin Chern number" relevant to obtain the spin current can be defined
as follows:
NSC = NSC+↑ +N
SC
−↑ −NSC−↓ −NSC−↓ = 2. (3.35)
Although the momentum dependence of R(p) and K(p) given in (3.31) and (3.34) is
not the same, the numerical results (3.32) and (3.35) suggest that
σSH ≈ 1
4pi
NSC.
Obviously, this suggested relation between the coefficient of effective action Cs, and
the “total spin Chern number" NSC needs further clarifications.
It is demonstrated that response of the quantum spin Hall insulator in the presence
of Rashba interaction can be obtained from the effective action of the external
electromagnetic and spin fields (3.6). Therefore the materials analogous to graphene
yield the predictions which are independent of the their detailed structure as far as
the underlying Hamiltonian is given by the Kane-Mele model. Their response can be
studied within the BF type topological field theory of the external fields.
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4. 3 + 1 DIMENSIONAL TOPOLOGICAL FIELD THEORY AND THE
EFFECTIVE ACTION OF THE 3 + 1 DIMENSIONAL TOPOLOGICAL
INSULATOR
4.1 Purpose
Topological field theories by definition do not depend on the local features of the
space-time in which they are defined. They emerge both in high energy physics [26]
and in condensed matter physics. In the latter case they appear as effective theories
of quantum matter like topological insulators. Topological insulators are usually
defined to be ordinary insulators in the bulk but having conducting edge states on their
surface [7]. In the low energy limit, 3+1 dimensional topological insulators subject
to electromagnetic fields given by the gauge fields Aµ; µ = 0, 1, 2, 3, are effectively
described by the action (~ = c = 1),
S3D =
θe2
8pi2
∫
d4x µνρσ∂µAν∂ρAσ. (4.1)
(4.1) is topological in the sense that the metric tensor of the related space-time
manifold does not appear in the action and there is no local excitations. Properties
of the underlying space-time can be fixed by additional information about the adopted
microscopic model. In particle physics (4.1) is known as the topological term for
the θ-vacuum [57, 58]. For compact space-time manifolds by choosing θ = ±(2n +
1)pi; n = 0, 1, · · · , (4.1) describes the main features of the time reversal invariant
topological insulators in 3 + 1 dimensions [15].
One of the models which gives rise to the action (4.1) is obtained through a dimensional
reduction from the 4 + 1 dimensional Dirac theory [15]. One considers the relativistic
electrons interacting with the external gauge fields Aµ, as well as with the scalar field
Θ(x) described by
L3+1(Ψ, Ψ¯, A) = Ψ¯[iγµ(∂µ − ieAµ) + γ4(k4 + Θ)−m]Ψ. (4.2)
Here, k4 is a constant and electron charge e > 0. γ4 is one of the gamma matrices
introduced in 4 + 1 dimensions and Θ(x) is the reminiscent of the gauge field A4(x).
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Integrating out the fermionic fields Ψ, Ψ¯ in the path integral of (4.2), yields the effective
action [15, 52]
SA =
e2
8pi2
∫
d4x Θ(x)µνρσ∂µAν∂ρAσ. (4.3)
Θ(x) is known in particle physics as axion field (for a review see [27]). For a uniform
and constant axion field Θ = θ, (4.3) yields (4.1).
In this work, a strictly 3 + 1 dimensional model which leads to (4.1) is proposed.
For this aim an action of neutral fermionic quasiparticles will be introduced and it is
shown that by integrating out these fermionic fields it is possible to obtain (4.1) through
a renormalization procedure. It should be emphasized that these neutral fermions can
appear as the quasiparticles of the effective theory. Obviously, it is not possible to
construct this neutral spinors by combining the original electrons and holes. It will be
shown that this approach can also be generalized to derive the BF type theory which
was proposed to describe topological insulators in [59].
4.2 Effective field theory in 3 + 1 dimensions
Let the field ψe denotes the electrons. These electrons interact with external
electromagnetic fields Aµ according to the Dirac Lagrangian density
LD = ψ¯e [iγµ(∂µ − ieAµ)−m]ψe. (4.4)
On-shell states satisfy the Dirac equation. As it is well known, there are negative
energy states of the Dirac equation describing positive charged particles which can be
interpreted as antiparticles (holes). Hence, when the excitations of the Dirac particles
are considered, one may deal with the particles of both sign. These particles can
be tight together to form neutral degrees of freedom. In particular one may assume
that in the bulk of a topological insulator effectively there are neutral fermions. This
guarantees that there is no electrical transport in the bulk, which is the basic property
of an insulator. Obviously, neutral fermions can couple to external electromagnetic
fields due to their electric and magnetic dipole moments whose interaction terms are
covariantly given by σµνFµν and iγ5σµνFµν ,
Fµν = ∂µAν − ∂νAµ; σµν = i
2
[γµ, γν ]; γ5 = iγ
0γ1γ2γ3.
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These neutral fermions can be described by the Lagrangian density
L(ψ¯, ψ, F ) = ψ¯
[
iγµ∂µ +
1
2
eα(1− iγ5)σµνFµν −m
]
ψ, (4.5)
where α is a constant. In the related path integral one can integrate out the fermions to
derive the effective action of the electromagnetic field strengths S[F ]:
exp(iS[F ]) ≡
∫
Dψ¯Dψ exp
(
i
∫
d4xL(ψ¯, ψ, F )
)
.
Formally, the effective action can be written as
S[F ] = −i ln det[iγµ∂µ + 1
2
eα(1− iγ5)σµνFµν −m]. (4.6)
As usual, it is preferable to work in the momentum space. One of the terms which
(4.6) generates is∫
d4k1
(2pi)4
d4k2
(2pi)4
Fµν(k1)Fρσ(k2)pi
µνρσ(k1)δ
4(k1 − k2). (4.7)
In the low energy limit where momentum of the external legs of the related Feynman
diagram vanishes (4.7) can be taken as the effective action. At the one loop level
piµνρσ(k) can be written as
piµνρσ(k) =
i
2
e2
∫
d4p
(2pi)4
tr[(
α
2
(1−iγ5)σµνGF (p))(α
2
(1−iγ5)σρσGF (p−k))], (4.8)
where the Feynman propagator GF (p) is defined as
GF (p) =
i(γµpµ +m)
p2 −m2 .
Using the properties of Dirac matrices in 3 + 1 dimensions, one can show that (4.8)
reduces to two terms:
piµνρσ(k) = Σµνρσ(k) + Πµνρσ(k). (4.9)
They are defined as
Σµνρσ(k) =
i
16
e2α2
∫
d4p
(2pi)4
pα(p− k)βtr{[γµ, γν ]γα[γρ, γσ]γβ
(p2 −m2)((p− k)2 −m2) ,
Πµνρσ(k) =
1
16
e2α2m2
∫
d4p
(2pi)4
tr{[γµ, γν ][γρ, γσ]γ5}
(p2 −m2)((p− k)2 −m2) .
Σµνρσ(k) is quadratically divergent. In the low energy limit (k → 0) it leads to∫
d4p
(2pi)4
pαpβ
(p2 −m2)2 =
[
Λ2
16pi2
+
m2
4pi2
ln
(
Λ
m
)
+ · · ·
]
ηαβ,
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where ηαβ is the metric tensor and Λ is the ultraviolet cut-off. Although this term is
divergent for Λ→∞, it is multiplied with the trace term which can be seen to vanish
in 4 dimensions:
tr{[γµ, γν ]γα[γρ, γσ]γα} = 0.
Thus one concludes
Σµνρσ(0) = 0.
The other term Πµνρσ in (4.9) is topological, i.e. it is independent of the space-time
metric ηµν . In terms of the totally antisymmetric Levi-Civita tensor µνρσ, it is
originated from the following trace of the γ matrices:
tr
{
γµγνγργσγ5
}
= −4iµνρσ.
One can express Πµνρσ(k) as
Πµνρσ(k) = e2m2α2µνρσI(k),
where
I(k) = −i
∫
d4p
(2pi)4
1
((p2 −m2)((p− k)2 −m2) , (4.10)
whose integrand is spherically symmetric in the low energy limit (k → 0). The integral
is logarithmically divergent but can be dimensionally regularized. In order to calculate
(4.10) in d dimensions we introduce the parameter µ having the dimension of mass
such that the integral
I(0) = −iµ4−d
∫
ddp
(2pi)4
1
(p2 −m2)2 , (4.11)
remains dimensionless. Calculation of I(0) in d dimensions leads to [60]
I(0) =
1
4pid/2
Γ(2− d/2)( µ
2
m2
)2−d/2,
where Γ(x) is the gamma function.
Setting d = 4− ε the finite and infinite parts in the → 0 limit are separated as
I(0) =
1
(4pi)2
(
2

+ ln(
µ2
m2
) + ln(4pi)− γ + ...).
γ is the Euler-Mascheroni constant. The bare coupling constant α, or the mass m, can
be renormalized with the divergent constant Z to introduce the finite parameter θF as
Zm2α2I(0) =
θF
32pi2
.
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As it is usual in a renormalized theory, the value of θF will be fixed in terms of the
“experimentally measured quantities." One concludes that
piµνρσ(0) =
e2θF
32pi2
µνρσ.
Therefore, in the low energy limit the renormalized effective action is
S[F ] =
e2θF
32pi2
∫
d4xµνρσFµν(x)Fρσ(x). (4.12)
It is the same with the action (4.1) for θF = θ.
Properties of the space-time on which the theory is defined should be dictated by the
physical arguments. It can be assumed that the neutral quasiparticles of the initial
Lagrangian density (4.5) is composed of the original particles and holes. For example
in the case of topological insulators the physical particles are the electrons minimally
coupled to the gauge fields Aµ as in (4.4). Then, there are some configurations which
are consistent with periodic space-time yielding the quantization condition
e2
32pi2
∫
d4x µνρσFµνFρσ = N, (4.13)
whereN is an integer. Thus the partition functions for θF = ±(2n+1)pi; n = 0, 1, · · · ,
are the same, so that the theory is time reversal invariant. Obviously, there is no a
priori given condition for the space-time structure of the topological field theory action
(4.12). One may choose the space-time to be periodic but yielding the quantization
condition
e2
32pi2
∫
d4x µνρσFµνFρσ = N
2
fN, (4.14)
where Nf is an odd integer. Then, set θF = ±(2n + 1)pi/Nf ; n = 0, 1, · · · , which
defines the time reversal invariant fractional topological insulator [28–30]. In this
case, as in [28], the partons denoted ψp, whose electromagnetic interaction Lagrangian
density is given by
Lp = ψ¯p
[
iγµ(∂µ − i e
Nf
Aµ)−m
]
ψp,
can be chosen as the physical particles in the bulk of the fractional topological insulator.
They possess the electric charge e/Nf , so that the quantization condition (4.14) is
justified.
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4.3 BF theory
It was argued in [59] that the time reversal invariant 3 + 1 dimensional topological
insulator is described by the BF type effective field theory given by
LBF = e
2pi
µνρσaµ∂νbρσ +
e
2pi
µνρσAµ∂νbρσ + C
µνρσ∂µaν∂ρAσ, (4.15)
where C is a constant parameter. To fix the value of it as C = ±e2/8pi, the gauge
charge lattice was specified as an additional information. Thus, integrating out aµ and
bρσ fields in the related path integral yields
S3D = ± e
2
8pi
∫
d4xµνρσ∂µAν∂ρAσ, (4.16)
which is the same with (4.1) for θ = ±1. It is possible to construct (4.15) in terms of
the procedure outlined in Section 4.2. For this purpose one may introduce the neutral
fermions denoted ψA; A = 1, 2, · · · , 6 and define the Lagrangian density as
L = ψ¯1
[
iγµ∂µ +
1
2
λ(1− iγ5)σµν(Fµν + bµν)−m
]
ψ1
+ ψ¯2
[
iγµ∂µ +
1
2
λ(1 + iγ5)σµν(Fµν − bµν)−m
]
ψ2
+ ψ¯3
[
iγµ∂µ +
1
4
β(1− iγ5)σµν(Fµν + fµν)−m
]
ψ3
+ ψ¯4
[
iγµ∂µ +
1
4
β(1 + iγ5)σµν(Fµν − fµν)−m
]
ψ4
+ ψ¯5
[
iγµ∂µ +
1
2
λ(1− iγ5)σµν(fµν + bµν)−m
]
ψ5
+ ψ¯6
[
iγµ∂µ +
1
2
λ(1 + iγ5)σµν(fµν − bµν)−m
]
ψ6,
where fµν = ∂µaν − ∂νaµ. Now, it is possible to integrate out each ψA, ψ¯A neutral
fermion degrees of freedom following the procedure of Section 4.2. Obviously, at the
one loop level integrals are divergent which can be expressed in the low energy limit
as I(0) which is defined in (4.11). One may renormalize the bare coupling constants λ
and β to define the finite constants ΛF and CF as
Zm2λ2I(0) = ΛF , Zm
2β2I(0) = CF .
Then, the low energy effective action can be written as
S[A, b, a] =
∫
d4x {ΛF [µνρσ∂µAνbρσ + µνρσ∂µaνbρσ] + CF µνρσ∂µAν∂ρaσ} .
(4.17)
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As usual the renormalized quantities should be fixed by some additional conditions.
One can choose ΛF = 1/2pi and CF = ±e2/8pi, so that (4.17) yields the BF theory
described by (4.15), up to surface terms. Apparently, integrating out first bµν then aµ
fields yields the action (4.16).
4.4 Discussions
By integrating out the neutral Dirac particles described by the Lagrangian density (4.5),
the effective action (4.12) is constructed in the low energy limit. The procedure of
calculating the effective topological field theory (4.12) does not refer to the origin of
this neutral fermions. They are supposed to be the quasiparticle excitations of the
effective theory. However, neutral fermion excitations have already been appeared
in the study of the Hall effect for even filling fractions [61, 62]. Moreover, neutral
Dirac fermions composed of two Majorana fermions arise in systems composed of
topological, magnetic and superconducting insulators [63]. The original physical
particles establish the features of the space-time manifold on which the effective
topological field theory is defined. Then, according to the quantization conditions
like (4.13) and (4.14), the value of the physical coupling constant θF should be chosen.
Interchanging Abelian field strengths with non-Abelian ones in the Lagrangian density
(4.5) will not alter the construction of the low energy effective action (4.12) presented
in Section 4.2. Therefore, this procedure is also valid for non-Abelian gauge fields. In
this case, quantization condition of the effective action will be changed [64], so that
the renormalized coefficient θF should be appropriately chosen.
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5. SEMICLASSICAL CALCULATION OF CHIRAL MAGNETIC EFFECT
AND CHIRAL ANOMALY IN d+ 1 DIMENSIONS
In this part of the thesis, d + 1 dimensional Weyl Hamiltonian which is derived from
the massless Dirac Hamiltonian is considered. Through the diagonalization procedure
of the Weyl Hamiltonian, a matrix valued Berry gauge field can be extracted. By
means of the Berry field strength, a matrix valued symplectic two-form is introduced.
Phase space volume form is defined appropriately. The chiral current due to the
chiral Weyl particles interacting with the electromagnetic fields is constructed. A
semiclassical formulation of both CME and chiral anomaly is provided for all even
spacetime dimensions.
5.1 Purpose
Semiclassical analysis of dynamical systems is useful to get a better understanding of
some quantum mechanical phenomena especially in many body systems. The recent
studies [31, 32] show that it is possible to embody chiral anomaly and chiral magnetic
effect within the semiclassical chiral kinetic theory. In order to achieve this [31]
deformed the initial phase space with a monopole field emerging from the Berry
curvature [33]. In [32] it is denoted that this monopole field is the the field strength
of the Berry gauge field which is constructed from the diagonalization of the 3 + 1
dimensional Weyl Hamiltonian. A formulation of anomalies in higher dimensional
spacetimes within the classical chiral kinetic theory was carried out in [34]. However
their method is unclear to construct explicit form of the equations of motion which
would yield a generalization of the CME in higher dimensions. On the other hand
CME for even d + 1 dimensions was only conjectured in [35]. Having inspired from
the approach of [36], the aim of this part is due to a formulation of the chiral magnetic
effect and chiral anomaly for all even d+ 1 dimensions within the same semiclassical
chiral kinetic theory.
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5.2 Weyl Hamiltonian and the Berry Gauge Field
The massless Dirac Hamiltonian in d+ 1 dimensions is denoted as
H = α · p, (5.1)
in ~ = c = 1, units. p is the d dimensional momentum vector and αA; A = 1, ..., d, are
the 2[(d+1)/2]×2[(d+1)/2] dimensional matrices satisfying the anticommutation relations
{αA, αB} = 2δAB. (5.2)
They can be expressed as α = γ0γ, in terms of the gamma matrices which
obey the Clifford algebra, {γµ, γν} = 2gµν , where the metric tensor is gµν =
diag(1,−1, · · · ,−1); µ, ν = 0, 1, ..., d. In the chiral representation α is block
diagonal, so that (5.1) yields the Weyl Hamiltonian
HW = Σ · p, (5.3)
where ΣA are 2[(d−1)/2] × 2[(d−1)/2] matrices. Quantum mechanical description of the
Weyl particle is furnished with the Weyl equation
HWψE(p) = EψE(p).
The energy eigenvalues are E = (p,−p) where p = |p|. Focusing on the positive
energy solutions |ψα〉; α = 1, ..., 2[ d−32 ], one can define the Berry gauge field:
AαβA = i〈ψα|
∂
∂pA
|ψβ〉. (5.4)
A is Abelian for d = 3, however it becomes to be non-Abelian for higher dimensions.
Thus, in general the Berry field strength is given by
GαβAB =
∂AαβB
∂pA
− ∂A
αβ
A
∂pB
− i[AA,AB]αβ. (5.5)
In the following parts d = 3 and d = 5 dimensional Berry gauge fields will be
presented explicitly.
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5.3 Chiral Anomaly and Chiral Magnetic Effect in 3 + 1 Dimensions
In [32] it was observed that for d = 3, the Berry field strength extracted from the
diagonalization of Weyl Hamiltonian describes a monopole located at p = 0. They
clarified the role of this monopole field in obtaining the CME and the chiral anomaly.
In [34] it was argued that in all even dimensions chiral (non-Abelian) anomaly arises
in the presence of the Berry gauge fields within the differential form formulation of
classical Hamiltonian dynamics. Here, the approach of [34] is reviewed basically
considering external electromagnetic fields in d = 3. However, it will be also shown
how this formalism can be employed to acquire the first time derivatives of phase space
variables which are needed to formulate the CME as in [32].
In the chiral representation of gamma matrices
γ0 =
(
0 −1
−1 0
)
,γ =
(
0 σ
−σ 0
)
, γ5 =
(
1 0
0 −1
)
, (5.6)
where σ = (σ1, σ2, σ3) are the Pauli spin matrices, the Weyl Hamiltonian is acquired
as
HW(3) = σ · p =
(
p3 p1 − ip2
p1 + ip2 −p3
)
. (5.7)
To formulate the Hamiltonian dynamics one introduces the one-form
ηH = padxa + Aa(x, t)dxa −Aa(p)dpa −Hdt,
where a = 1, 2, 3.A is the vector potential of the external magnetic fieldB :
Fab =
∂Ab
∂xa
− ∂Aa
∂xb
= abcBc.
H = p + A0 where p is the Weyl Hamiltonian (5.7) diagonalized and projected onto
the positive energy eigenstate. A0(x, t) is the scalar potential of the external electric
field E = ∂A/∂t − ∇A0. Aa(p) is the Abelian Berry gauge field. Inspecting the
positive energy solution of (5.7) one can show that its field strength is given in terms
of b = pˆ/2p2, as
Gab =
∂Ab
∂pa
− ∂Aa
∂pb
= abcbc. (5.8)
It is the field of a monopole located at p = 0 :∇ · b = 2piδ3(p).
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The exterior derivative of ηH provides the symplectic two-form
wH = dηH = dpa ∧ dxa + F −G− pˆadpa ∧ dt+ Eadxa ∧ dt,
where F = 1
2
Fab dxa ∧ dxb and G = 12Gab dpa ∧ dpb. In terms of wH the volume form
in 6 + 1 dimensional phase space is defined by
Ω ≡ 1
3!
w3H ∧ dt. (5.9)
It can be also written in terms of the canonical volume element of the phase space
dV (3):
Ω =
√
w dV (3) ∧ dt. (5.10)
Here,
√
w ≡√det(w), is the Pfaffian of the matrix(
Fab −δab
δab −Gab
)
.
It was calculated explicitly in [33] as
√
w = (1 +B · b).
The equations of motion can be derived by demanding that wH satisfies
ivwH = 0, (5.11)
which is the interior product of the vector field
v =
∂
∂t
+ x˙a
∂
∂xa
+ p˙a
∂
∂pa
,
with wH. In fact, (5.11) gives rise to the equations of motion obtained in [32]:
p˙a = x˙bFab + Ea, (5.12a)
x˙a = p˙bGab + pˆa. (5.12b)
Liouville equation will be obtained by the time evolution of the volume form Ω which
can be found by calculating its Lie derivative associated with v. It can be accomplished
in two different ways. First one can employ (5.10) to observe that
LvΩ = (ivd+div)
(√
wdV (3) ∧ dt) = ( ∂
∂t
√
w +
∂
∂xa
(
√
wx˙a) +
∂
∂pa
(
√
wp˙a)
)
dV (3)∧dt.
(5.13)
Then, it is possible to show that the definition (5.9) implies
LvΩ = (ivd+ div)
(
1
3!
w3H ∧ dt
)
= div
(
1
3!
w3H ∧ dt
)
=
1
2
dwH ∧ w2H,
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where
dwH = −1
2
∂Gab
∂pc
dpc ∧ dpa ∧ dpb.
Making use of (5.8) one can express dwH as
dwH = −(∇ · b) dp1 ∧ dp2 ∧ dp3 = −2piδ3(p) dp1 ∧ dp2 ∧ dp3.
The unique contribution from w2H will be EaFbcdxa ∧ dxb ∧ dxc ∧ dt, thus one finds
that
1
2
dwH ∧ w2H = 2piδ3(p)(E ·B) dV (3) ∧ dt.
So that the Liouville equation is anomalous:(
∂
∂t
√
w +
∂
∂xa
(
√
wx˙a) +
∂
∂pa
(
√
wp˙a)
)
= 2piδ3(p)E ·B. (5.14)
In quantum field theory the chiral anomaly is expressed as non-conservation of the
classically conserved chiral current at the quantum level. In order to connect the
anomaly contribution in (5.14) to the non-conservation of particle number introduce
the probability function f(x, p, t),which satisfies the collisionless Boltzmann equation
df
dt
=
∂f
∂t
+
∂f
∂xa
x˙a +
∂f
∂pa
p˙a = 0. (5.15)
It is appropriate to define the probability density function as ρ(x, p, t) =
√
wf. Hence,
defining the particle number density and the particle current density as
n(x, t) =
∫
d3p
(2pi)3
ρ(x, p, t), ja =
∫
d3p
(2pi)3
ρ(x, p, t)x˙a.
and utilizing (5.14) and (5.15) one can observe that
∂ρ
∂t
+
∂(ρx˙a)
∂xa
+
∂(ρp˙a)
∂pa
= 2pifδ3(p)E ·B. (5.16)
In order to derive non-conservation of the particle current one can integrate (5.16) over
the momentum degrees of freedom. There is no influx of particles from the negative
energy sea because only the positive energy sector of the Weyl Hamiltonian is taken
into account. Thus, the momentum current density jp = ρp˙ vanishes at the boundary
of the momentum space: ∫
d3p
(2pi)3
∂(ρp˙a)
∂pa
= 0.
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Actually, the Berry monopole situated on the boundary |p| = 0 is responsible
for the non-conservation of the chiral particle current. Therefore, the statement of
non-conservation of the particle current follows,
∂n(x, t)
∂t
+∇ · j = 1
4pi2
f(x, p = 0, t)E ·B.
To derive the CME in line with [32] one needs to solve the equations of motion (5.12)
for
√
wx˙a. Obviously, here this can be done directly, because
√
w has already been
calculated in [33]. However, it is possible to obtain the same result by inspecting the
explicit form of w3H. As a byproduct the explicit form of
√
w will also be provided. To
present this method which will be extremely useful in higher dimensions, one writes
w3H explicitly as
w3H = dpa ∧ dxa ∧ dpb ∧ dxb ∧ dpc ∧ dxc − 6F ∧ G ∧ dpa ∧ dxa
−3pˆadpa ∧ dt ∧ dpb ∧ dxb ∧ dpc ∧ dxc − 6EaF ∧ G ∧ dxa ∧ dt
+3Eadxa ∧ dt ∧ dpb ∧ dxb ∧ dpc ∧ dxc − 6pˆaF ∧ dpa ∧ dt ∧ dpb ∧ dxb
−6EaG ∧ dxa ∧ dt ∧ dpb ∧ dxb + 6pˆaF ∧ G ∧ dpa ∧ dt.
Its Lie derivative associated with v procures
LvΩ =
1
3!
dw3H =
{ ∂
∂t
(1 +B · b) + ∂
∂x
(pˆ+E × b+B(pˆ · b))
+
∂
∂p
(E + pˆ×B + b(E ·B))
}
dV (3) ∧ dt. (5.17)
Comparing (5.17) with (5.13) one can directly read
√
w, as well as the solutions of the
equation of motions (5.12) as
√
w = 1 +B · b,
√
wx˙ = pˆ+E × b+B(pˆ · b),
√
wp˙ = E + pˆ×B + b(E ·B).
Now, the particle current density j can be obtained as
j =
∫
d3p
(2pi)3
√
wx˙f =
∫
d3p
(2pi)3
pˆf +E ×
∫
d3p
(2pi)3
bf +B
∫
d3p
(2pi)3
pˆ · bf.
The last term where the current is parallel to the magnetic field is the CME term that
was mentioned in [32].
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5.4 Chiral Anomaly and Chiral Magnetic Effect in 5 + 1 Dimensions
5.4.1 5 + 1 dimensional Berry gauge field
In 5 + 1 dimensions a representation of αi; i = 1, .., 5, which satisfy (5.2) can be
given as the direct product of the 3 + 1 dimensional gamma matrices (5.6) with σ0 =
diag(1, 1) and σ3 = diag(1,−1) :
α1 = σ0⊗γ0γ1, α2 = σ0⊗γ0γ2, α3 = σ0⊗γ0γ3, α4 = iσ0⊗γ0γ5, α5 = σ3⊗γ0.
Using this representation one can write the massless Dirac Hamiltonian in block
diagonal form in terms of the Weyl Hamiltonian (5.3), where the Σ matrices are
Σa =
(
σa 0
0 −σa
)
; a=1,2,3, Σ4 =
(
0 i
−i 0
)
, Σ5 =
(
0 −1
−1 0
)
.
Therefore, the Weyl Hamiltonian in 5 + 1 dimensions is expressed as
HW =
(
σapa i(p4 + ip5)
−i(p4 − ip5) −σapa
)
.
The normalized, positive energy eigenstates HW|ψα〉 = p|ψα〉; α = 1, 2, are found to
be
|ψ1〉 =
√
p24 + p
2
5
2p(p− p3)

i(p1−ip2)
p4−ip5
i(p−p3)
p4−ip5
0
1
 , |ψ2〉 = 1√2p(p− p3)

i(p4 + ip5)
0
p− p3
−(p1 + ip2)
 .
One substitutes these degenerate eigenvectors into the definition (5.4) and build the
non-Abelian Berry gauge field components Aαβi as
A1 = 1
2p(p− p3)
( −p2 −i√p24 + p25
i
√
p24 + p
2
5 p2
)
,
A2 = 1
2p(p− p3)
(
p1
√
p24 + p
2
5√
p24 + p
2
5 −p1
)
,
A3 = 0, (5.18)
A4 = 1
2p(p− p3)
 p5[2p(p−p3)p24+p25 − 1] i√p24+p25(p1+ip2)p4+ip5
−i
√
p24+p
2
5(p1−ip2)
p4−ip5 p5
 ,
A5 = 1
2p(p− p3)
−p4[2p(p−p3)p24+p25 − 1] −√p24+p25(p1+ip2)p4+ip5
−
√
p24+p
2
5(p1−ip2)
p4−ip5 −p4
 .
By employing (5.18) in the definition (5.5) it is possible to extract Gαβij as presented in
Appendix B.
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5.4.2 Liouville equation and the chiral anomaly in 5 + 1 dimensions
One would like to consider kinetic theory of the 5 + 1 dimensional Weyl particles in
the presence of the Berry gauge field (5.18) and the external electromagnetic fields
Fij = ∂Aj/∂xi − ∂Ai/∂xj, Ei = −∂A0/∂xi + ∂Ai/∂t, generated by the scalar and
vector potentials A0(x, t) and A(x, t). In order to acquire the chiral anomaly one can
mainly follow the procedure of Section 5.3 with some modifications required to deal
with spin degrees of freedom. Dealing with the non-Abelian Berry gauge fields Ai,
the appropriate definition of the matrix valued symplectic two-form is
w˜H ≡ dpi ∧ dxi + F − G − pˆidpi ∧ dt+ Eidxi ∧ dt,
where G = 1
2
Gij dpi ∧ dpj and F = 12Fij dxi ∧ dxj. Here, the matrix indices are
suppressed and the related 2× 2 unit matrix I was not written explicitly.
One defines the matrix valued vector field
v˜ =
∂
∂t
+ X˙i
∂
∂xi
+ P˙i
∂
∂pi
, (5.19)
introducing the matrix valued time evolutions of the phase space variables:
X˙i =
(
X˙11i X˙
12
i
X˙21i X˙
22
i
)
, P˙i =
(
P˙ 11i P˙
12
i
P˙ 21i P˙
22
i
)
.
It is a good point to remind that also in the canonical formulation of the Dirac particle
one obtains matrix valued velocity which is similar to the above expression though the
phase space variables are not matrix.
Acquiring the equations of motion in terms of the interior product of (5.19) with w˜H as
iv˜w˜H = 0. (5.20)
(5.20) yields the following equations of motion which are plausible,
P˙i = X˙jFij + Ei,
X˙i = GijP˙j + pˆi.
The novelty in this formulation is the fact the spin degrees of freedom are not treated as
dynamical variables. Classical dynamics is asserted through the phase space variables
(x,p), so that the volume form is defined as
Ω˜ ≡ − 1
5!
w˜5H ∧ dt. (5.22)
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It can be expressed as
Ω˜ = w˜1/2 dV
(5) ∧ dt, (5.23)
where dV (5) is the canonical volume element (Liouville measure) of the 10
dimensional phase space (xi, pi). w˜H is a two-form in the phase space variables (xi, pi),
so that w˜1/2 is the Pfaffian of the 10× 10 matrix(Fij −δij
δij −Gij
)
.
The explicit form of w˜1/2 will be provided in Section 5.4.3.
One would like to obtain Liouville equation so that she/he considers the Lie derivative
of Ω˜ associated with the vector field (5.19). It can be expressed either using the
definition (5.23) as
Lv˜Ω˜ = (iv˜d+div˜)w˜1/2 dV
(5)∧dt =
(
∂
∂t
w˜1/2 +
∂
∂xi
(X˙iw˜1/2) +
∂
∂pi
(w˜1/2P˙i)
)
dV (5)∧dt,
(5.24)
or employing (5.22) as
Lv˜Ω˜ = − 1
5!
dw˜5H. (5.25)
It is possible to write (5.25) in explicit form
Lv˜Ω˜ = − 14!2dw˜2H ∧ w˜3H =
1
2
[Ei dG ∧ F ∧ dxi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk
−pˆi dG ∧ F ∧ F ∧ dpi ∧ dt ∧ dpj ∧ dxj (5.26)
−Ei dG ∧ G ∧ F ∧ F ∧ dxi ∧ dt].
Matrix valued quantities representing the spin degrees of freedom are introduced in
order to describe quantum mechanical particles possessing spin within classical phase
space . On the other hand, measure of the related path integral should be a scalar. Thus
one needs an appropriate definition of the path integral measure. Basically, there are
two choices: To take the trace or the determinant of Ω˜ over the spin indices. However,
due to the fact that w˜1/2 can obviously be written in the form (I+W ) in terms of a 2×2
matrix W, its determinant is det(I +W ) = 1 + TrW + 1
2
(TrW )2 + 1
2
TrW 2. Thus it
will possess a term proportional to Tr w˜1/2. Therefore, one proceeds adopting Tr w˜1/2
as the definition of the related path integral measure. It is possible to show that the
Berry curvature given in Appendix (B) is traceless. Using the equality Tr dG = dTrG
and (5.26) we get
Tr [Lv˜Ω˜] = −1
4
(dTr [G ∧ G]) ∧ EiF ∧ F ∧ dxi ∧ dt.
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Although it is cumbersome, making use of Gij presented in Appendix (B) one can show
explicitly that
−1
6
dTr [G ∧ G] =∇ · b dp1 ∧ ...dp5,
where b is the 5 dimensional monopole field located at p = 0 :
b =
p
2p5
, ∇ · b = 4pi
2
3
δ5(p). (5.27)
Therefore, one gets
Tr [Lv˜Ω˜] = −pi
2
2
δ5(p)ijklmEiFjkFlm dV (5) ∧ dt. (5.28)
One should adopt a reduction procedure for the matrix valued velocities in order to
obtain the corresponding classical chiral kinetic theory. So that, let x˙i, p˙i, denote the
ordinary velocities and
√
w ≡ Tr [w˜1/2] be the path integral measure. Then, we define
Tr [X˙iw˜1/2] ≡
√
wx˙i, and Tr [w˜1/2P˙i] ≡
√
wp˙i. Therefore, equating (5.24) and (5.28)
yields the anomalous Liouville equation in 5 + 1 dimensions:
∂
∂t
√
w +
∂
∂xi
(
√
wx˙i) +
∂
∂pi
(
√
wp˙i) = −pi
2
2
δ5(p)ijklmEiFjkFlm. (5.29)
Next step is to link the anomalous expression (5.29) to the non-conservation of particle
number. In order to achieve this, introduce the probability distribution f(x, p, t),which
satisfies the collisionless Boltzmann equation,
df
dt
=
∂f
∂t
+
∂f
∂xi
x˙i +
∂f
∂pi
p˙i = 0. (5.30)
Once the phase-space probability density is defined as ρ(x, p, t) =
√
wf, (5.29) and
(5.30) lead to the non-conservation of the probability:
∂ρ
∂t
+
∂(ρx˙i)
∂xi
+
∂(ρp˙i)
∂pi
= −pi
2
2
fδ5(p)ijklmEiFjkFlm. (5.31)
One introduces the chiral particle number density n(x, t) =
∫
d5p
(2pi)5
ρ and the chiral
particle current density ji(x, t) =
∫
d5p
(2pi)5
ρx˙i.By integrating (5.31) over the momentum
pi and setting
∫
d5p
(2pi)5
∂(ρp˙i)
∂pi
= 0, as it was discussed in Section 5.3, she/he finds
∂n
∂t
+ ~∇ ·~j = − 1
(4pi)3
f(x, p = 0, t)ijklmEiFjkFlm.
Therefore, the chiral current is not conserved.
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5.4.3 Chiral magnetic effect in 5 + 1 dimensions
To establish the CME in 5 + 1 dimensions it is needed to solve the equation of motion
(5.21) for X˙iw˜1/2. One will use method which is presented in Section 5.3. It is
demonstrated that solutions of the equations of motion for X˙ and P˙ can be obtained
by inspecting the Lie derivative of the volume form associated with v˜. It is possible to
expose Ω˜ explicitly in order to express Lv˜Ω˜ in the desired form as
w˜5H = dpi ∧ dxi ∧ dpj ∧ dxj ∧ dpk ∧ dxk ∧ dpl ∧ dxl ∧ dpm ∧ dxm
− 20F ∧ G ∧ dpi ∧ dxi ∧ dpj ∧ dxj ∧ dpk ∧ dxk + 30F ∧ F ∧ G ∧ G ∧ dpi ∧ dxi
− 5pˆidpi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk ∧ dpl ∧ dxl ∧ dpm ∧ dxm
− 20EiG ∧ dxi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk ∧ dpl ∧ dxl
+ 60pˆiG ∧ F ∧ dpi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk
+ 60EiG ∧ G ∧ F ∧ dxi ∧ dt ∧ dpj ∧ dxj − 30pˆiF ∧ F ∧ G ∧ G ∧ dpi ∧ dt
+ 5Eidxi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk ∧ dpl ∧ dxl ∧ dpm ∧ dxm
− 20pˆiF ∧ dpi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk ∧ dpl ∧ dxl
− 60EiF ∧ G ∧ dxi ∧ dt ∧ dpj ∧ dxj ∧ dpk ∧ dxk
+ 60pˆiG ∧ F ∧ F ∧ dpi ∧ dt ∧ dpj ∧ dxj + 30EiG ∧ G ∧ F ∧ F ∧ dxi ∧ dt.
The Liouville equation (5.25) can now be written in the form
Lv˜Ω˜ = − 1
5!
dw˜5H =
[
∂
∂t
(
1 +
1
2
FijGij + 1
8
FijFkl(GijGkl + GikGlj + GljGik)
)
+
∂
∂xr
(
pˆr + EiGri + 1
2
Fij(pˆrGij + 2pˆjGri)
+
1
4
EiFjk(GriGjk + GjkGri + 2GrjGki + 2GkiGrj)
+
1
64
FijFklGmnGstpˆprijklmnstp
)
(5.32)
+
∂
∂pr
(
Er + pˆiFri + 1
2
Gij(ErFij + 2EjFri)
+
1
2
pˆiGjk(FriFjk + 2FrjFki)
+
1
64
FmnFstEpGijGklrijklmnstp
)]
dV ∧ dt.
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Comparison of (5.32) with (5.24) permits to read directly:
w˜1/2 = I +
1
2
FijGij + 1
8
FijFkl(GijGkl + GikGlj + GljGik)
X˙rw˜1/2 = pˆr + EiGri + 1
2
Fij(pˆrGij + 2pˆjGri) +
1
4
EiFjk(GriGjk + GjkGri + 2GrjGki + 2GkiGrj)
+
1
64
FijFklGmnGstpˆprijklmnstp (5.33)
w˜1/2P˙r = Er + pˆiFri + 1
2
Gij(ErFij + 2EjFri) + 1
2
pˆiGjk(FriFjk + 2FrjFki)
+
1
64
FmnFstEpGijGklrijklmnstp).
One will build the the classical current using a phase space probability function
f(x, p, t) and then take the trace over the spin indices of the solution (5.33) as
jr =
∫
d5p
(2pi)5
Tr [X˙rw˜1/2]f
= 2
∫
d5p
(2pi)5
pˆrf +
1
2
∫
d5p
(2pi)5
EiFjkTr [GriGjk + 2GrjGki]f (5.34)
+
1
64
∫
d5p
(2pi)5
FijFklrijklTr [GmnGstpˆpmnstp]f.
The last term in (5.34) gives the 5 + 1 dimensional chiral magnetic effect
jCMEr = −
3
8
∫
d5p
(2pi)5
FijFklrijkl(pˆ · b)f,
where b is the monopole field (5.27). It is possible to perform the angular part of the
momentum integral for an isotropic momentum distribution f(E) and obtain
jCMEr = −
1
8(2pi)3
rijklFijFkl
∫
dE f(E).
This is in accord with the chiral magnetic effect proposed in [35]. When the
Fermi-Dirac distribution is considered, it yields jCMEr = (−µ/8(2pi)3)rijklFijFkl, at
finite chemical potential µ.
5.5 Chiral Anomaly and Chiral Magnetic Effect in d+ 1 Dimensions
In this part, it is aimed to generalize the formalism to 2n + 2, n = 1, 2... dimensions
where n = d−1
2
. In order to achieve this one begins with the definition of the matrix
valued symplectic two-form W˜H as
W˜H ≡ dpA ∧ dxA + F − G − pˆAdpA ∧ dt+ EAdxA ∧ dt,
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where the capital letter A = 1, .., 2n + 1. F = 1
2
FABdxA ∧ dxB is the Abelian
electromagnetic field tensor and G = 1
2
GABdpA ∧ dpB is the Berry curvature. Electric
field pointing towards the xˆA direction is denoted as EA. The symplectic two-form
W˜H is a 2n−1 × 2n−1 matrix in spin indices which are suppressed for brevity. The
time evolution of the 4n+ 2 dimensional phase space (xA, pA) is acquired through the
interior product of the matrix valued vector field
V˜ =
∂
∂t
+ X˙A
∂
∂xA
+ P˙A
∂
∂pA
,
with the symplectic two-form W˜H as
iV˜ W˜H = 0.
Time evolution will yield the following equations of motion:
P˙A = X˙BFAB + EA, (5.35a)
X˙A = GABP˙B + pˆA, (5.35b)
Here, (X˙A, P˙A) are matrices.
5.5.1 Chiral anomaly in d+ 1 dimensions
The phase space volume form is defined as Ω˜ by
Ω˜ ≡ (−1)
n+1
(2n+ 1)!
W˜ 2n+1H ∧ dt. (5.36)
and expressed in terms of the 2d dimensional Liouville measure dV as
Ω˜ = W˜1/2dV ∧ dt, (5.37)
where W˜1/2 is the Pfaffian of the (4n+ 2)× (4n+ 2) matrix(FAB −δAB
δAB −GAB
)
.
One needs the Lie derivative of the volume form Ω˜ in order to derive the Liouville
equation. By making use of (5.37) it can be written formally as
LV˜ Ω˜ = (iV˜ d+diV˜ )W˜1/2 dV ∧dt =
(
∂
∂t
W˜1/2 +
∂
∂xA
(X˙AW˜1/2) +
∂
∂pA
(W˜1/2P˙A)
)
dV ∧dt.
(5.38)
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On the other hand, in order to acquire Liouville equation explicitly the definition (5.36)
should be employed,
LV˜ Ω˜ =
(−1)n+1
(2n+ 1)!
dW˜ 2n+1H . (5.39)
Among the several terms in W˜ 2n+1H , the chiral anomaly stems from the one which
includes the singularity in momentum space:
(−1)n(2n+ 1)!
(n!)2
n times︷ ︸︸ ︷
G...G EA
n times︷ ︸︸ ︷
F ...F dxA ∧ dt. (5.40)
In Appendix (B) it is also briefly reported, following [65], how the singularity is
calculated to be
Tr [d(
n times︷ ︸︸ ︷
G...G )] = 1
2n
∂
∂pA
Tr [ABC...DE
n times︷ ︸︸ ︷
GBC...GDE]d2n+1p
=
(−1)n+1(2n)!
2n
(∇ · b)d2n+1p,
where b is the 2n+ 1 dimensional Dirac monopole field
b =
p
2p2n+1
. (5.41)
Following [65] one calculates the singularity to be
Tr [d(
n times︷ ︸︸ ︷
G...G )] = 1
2n
∂
∂pA
Tr [ABC...DE
n times︷ ︸︸ ︷
GBC...GDE]d2n+1p
=
(−1)n+1(2n)!
2n
(∇ · b)d2n+1p,
where b is the 2n+ 1 dimensional Dirac monopole field
b =
p
2p2n+1
. (5.42)
As being a monopole field (5.42) satisfies
∇ · b = Vol(S
2n)
2
δ2n+1(p),
where Vol(S2n) denotes volume of the 2n-sphere. The details of the calculation is
briefly saved for Appendix (B). Hence, one attains
Tr [LV˜ Ω˜] =
(−1)n+1(2n)!
(n!)2 22n+1
Vol(S2n)δ2n+1(p)ABC...DEEA
n times︷ ︸︸ ︷
FBC...FDE dV ∧ dt. (5.43)
However, within the semiclassical approximation one defines
√
W ≡ Tr [W˜1/2], Tr [(X˙AW˜1/2] ≡
√
Wx˙A, Tr [W˜1/2P˙A)] ≡
√
Wp˙A,
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where (x˙A, p˙A) denote the classical velocities. Equating the trace of (5.38) with (5.43)
the semiclassical anomalous Liouville equation is obtained as(
∂
∂t
√
W +
∂
∂xA
(
√
Wx˙A) +
∂
∂pA
(
√
Wp˙A)
)
=
(−1)n+1(2n)!
(n!)2 22n+1
Vol(S2n)δ2n+1(p)ABC...DEEA
n times︷ ︸︸ ︷
FBC...FDE .
It is possible to link it to the non-conservation of the chiral particle number by
employing the phase space distribution f(x, p, t) which satisfies the collisionless
Boltzmann equation
∂f
∂t
+
∂f
∂xA
x˙A +
∂f
∂pA
p˙A = 0,
and define the probability density by ρ(x, p, t) =
√
Wf . Thus one observes
∂ρ
∂t
+
∂(ρx˙A)
∂xA
+
∂(ρp˙A)
∂pA
=
(−1)n+1(2n)!
(n)!2 22n+1
Vol(S2n)fδ2n+1(p)ABC...DEEA
n times︷ ︸︸ ︷
FBC...FDE,
(5.44)
which is the non-conservation of the phase space probability. Then, introducing the
chiral particle density n(x, t) =
∫
d2n+1
(2pi)2n+1
ρ and the chiral current density jA =∫
d2n+1
(2pi)2n+1
ρx˙A, it is possible to establish the non-conservation of the chiral current as
∂n
∂t
+ ~∇ ·~j = (−1)
n+1
n! 2n (2pi)n+1
f(x, p = 0, t)EA
n times︷ ︸︸ ︷
FBC...FDE . (5.45)
It is derived by integrating (5.44) over the momentum space and setting Vol(S2n) =
22n+1pinn!
(2n)!
. (5.45) is the semiclassical manifestation of the chiral anomaly in any even
dimensions.
5.5.2 Chiral magnetic effect in d+ 1 dimensions
The solutions of the equations of motion (5.35) for (X˙AW˜1/2, W˜1/2P˙A) can be directly
provided in terms of the phase space variables (xA, pA), by equating the right hand
sides of (5.38) and (5.39):
(−1)n+1
(2n+ 1)!
dW˜ 2n+1H =
∂
∂t
W˜1/2 +
∂
∂xA
(X˙AW˜1/2) +
∂
∂pA
(W˜1/2P˙A).
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Dealing with 4n+ 2 dimensional phase space, X˙AW˜1/2 has many terms including
X˙AW˜1/2 =
(−1)n
(2n)!
dxA ∧ pˆBdpB ∧ dt ∧
2n times︷ ︸︸ ︷
dpC ∧ dxC...dpD ∧ dxD
+
(−1)n
(2n− 1)!dxA ∧ EBdxB ∧ dt ∧ G
2n−1 times︷ ︸︸ ︷
dpC ∧ dxC...dpD ∧ dxD
+
(−1)n+1
(2n− 2)!dxA ∧ pˆBdpB ∧ dt ∧ GF
2n−2 times︷ ︸︸ ︷
dpC ∧ dxC...dpD ∧ dxD
+ ... +
1
(n!)2 22n
ABC...DE
n times︷ ︸︸ ︷
FBC...FDE IJK...LMpˆI
n times︷ ︸︸ ︷
GJK...FLM . (5.46)
One defines the current within the semiclassical approximation as
jA =
∫
d2n+1p
(2pi)2n+1
Tr [X˙AW˜
CME
1/2 ]f(x, p, t).
One deals with the CME which is generated by the terms depending on the external
magnetic field FAB. As it is denoted in Appendix (B), once the trace is taken over
the spin indices depending on the external magnetic field FAB, only one term survives
which is generated by the last term given in (5.46). Therefore the chiral magnetic
current is exactly found to be
jCMEA =
1
22n(n!)2
∫
d2n+1p
(2pi)2n+1
ABC...DE
n times︷ ︸︸ ︷
FBC...FDE Tr [IJK...LMpˆI
n times︷ ︸︸ ︷
GJK...GLM]f(x, p, t)
=
(−1)n+1(2n)!
22n(n!)2
∫
d2n+1p
(2pi)2n+1
ABC...DE
n times︷ ︸︸ ︷
FBC...FDE(pˆ · b)f(x, p, t), (5.47)
where b is the Dirac monopole field given in (5.42). When an isotropic momentum
distribution f = f(E), is considered the angular part of (5.47) can be calculated, so
that one establishes the chiral magnetic current as
jCMEA =
(−1)n+1(2n)!
22n(n!)2
Vol(S2n)
2(2pi)2n+1
ABC...DE
n times︷ ︸︸ ︷
FBC...FDE
∫
dEf(E),
=
(−1)n+1
2n(2pi)n+1n!
ABC...DE
n times︷ ︸︸ ︷
FBC...FDE
∫
dEf(E).
This is the chiral magnetic current conjectured in [35].
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5.6 Discussions
The non-Abelian Berry gauge field arising from the 5 + 1 dimensional Weyl
Hamiltonian is calculated explicitly and it is demonstrated that the Berry field strength
yields a monopole situated at the origin of phase space. In fact in any even d + 1
dimensions the related Berry field strength engenders a Dirac monopole field. This
monopole field is responsible for the chiral anomaly manifested itself in the kinetic
theory of electrons as non-conservation of particle current. It is shown that this
monopole is also the source of the CME. An efficient method of finding the path
integral measure is presented and solutions of the equations of motion for the first
derivatives of the phase space variables weighted by this measure. This furnished the
possibility of obtaining the chiral current directly inspecting Liouville equation. Hence
the CME and chiral anomaly is calculated in any even dimensions within the same
formulation. The accomplished CME is in accord with the one conjectured in [35].
The main novelty is to keep the spin dependence explicit without attributing them
some dynamical variables.
A semiclassical study of the massive Dirac particle engaging the non-Abelian Berry
gauge fields was presented in [66]. There some dynamical variables have been
associated with the spin degrees of freedom. In principle the approach of dealing
with the non-Abelian Berry gauge fields presented here can be adopted to perform a
similar study in the ordinary classical phase space without enlarging it with some new
dynamical variables.
The formalism based on the matrix valued symplectic form is not restricted to even
dimensions. It can be employed to establish solution of the equations of motion in
terms of phase space variables in any dimensions. These solutions which exhibit
the spin dependence explicitly can be useful to formulate some interesting physical
phenomena like the spin Hall effect.
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6. TOPOLOGICAL CONCEPTS RELATED TO THE WEYL
HAMILTONIANS AND THE BERRY GAUGE FIELD
6.1 Purpose
Physical systems may have nontrivial topological and geometrical properties. Besides
their interesting mathematical structures, these properties yield important physical
consequences. Magnetic monopole in 3 dimensional Euclidean space R3 is the
simplest example where the existence of the monopole makes the space homotopic to
the 2-sphere S2. The gauge transformations on S2 are classified by the first homotopy
group and this group is found to be isomorphic to the set of integers, Π1(S1) ' Z.
This integer is known as the winding number of the gauge transformations as it counts
the number of times the gauge transformation wind around the gauge group U(1).
The winding number can be expressed in terms of the topological first Chern number.
Another example that has numerous applications in quantum mechanics and condensed
matter theory is the Berry phase which is the nontrivial phase factor due to the adiabatic
evolution of the eigenstates in the parameter space of the Hamiltonian. The Berry phase
is the holonomy associated to the U(1) bundle. Topological and geometrical concepts
also play an important role in quantum field theories. For example, the axial or chiral
anomaly is the violation of the classically conserved chiral current at the quantum
level. The expectation value of the divergence of the current results in the difference
between the zero modes of opposite chirality which is the analytic index of the Weyl
operator. Because of the Atiyah-Singer index theorem the analytic index is equal to
the topological index which is given in terms of the Chern character [38].
Within the homotopy theory the natural way for an investigation of the physical system
is the use of fermionic Green’s functionG(w,p) and its winding number. The winding
number is given as an integer valued integral in terms of the Green’s function. It reflects
some properties of the related Weyl particles [39]. For example, in odd space-time
dimensions effective field theory of the time reversal invariant topological insulators
is the Chern-Simons action whose coefficient corresponds to the conductivity of the
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system. This coefficient, hence the conductivity is quantized as it is equal to the
winding number of the fermion propagator [15, 52]. In [15, 52] it was also shown
that the winding number is equal to the integral of the related Chern character given
in terms of the Berry field strength. The same argument is valid in the case of the
spin Hall effect [67]. A possible condensed matter realization of Weyl Hamiltonian,
namely Weyl semimetal is proposed [40] where the Berry phase reflects the nontrivial
topological properties of its band structure.
Chiral anomaly is the nonconservation of the classically conserved chiral current once
the theory is quantized. However, in [31, 32] it is shown that a realization of chiral
anomaly is possible in the context of semiclassical chiral kinetic theory by introducing
the Berry gauge field induced through the diagonalization of the Weyl Hamiltonian.
Moreover, a generalization for higher even dimensional spacetimes was achieved in
[34]. [31, 32] also acquires the relation between the chiral magnetic effect and chiral
anomaly in 3 + 1 dimensions. In [68] both the chiral anomaly and the chiral magnetic
effect is formulated in terms of differential forms for all even d+ 1 dimensions.
Hence, it is desirable to investigate the topological and geometrical concepts and the
relations between them in the context of one particle Weyl systems including Berry
gauge fields in any even d + 1 dimensions. In momentum space, considering the
d+ 1 dimensional Weyl Hamiltonian, we calculate the winding number of the fermion
propagator which is a topological invariant [39], explore its interrelation with the other
topological invariants and search its physical meaning.
6.2 Weyl Hamiltonian, the Berry Gauge Field and the Winding Number
In even d+ 1 dimensional spacetime, the one particle Weyl Hamiltonian
HW = Σ · p, (6.1)
is expressed in terms of the d dimensional momentum vector p and the 2
d−1
2 × 2 d−12
dimensional Σ matrices. Σ matrices satisfy the relations {ΣM,ΣN} = 2δMN where
M,N = 1, .., d. The Weyl Hamiltonian (6.1) is derived from the massless Dirac
Hamiltonian,
HD = α · p, {αM, αN} = 2δMN,
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which is block diagonal in the chiral representation of the 2
d+1
2 × 2 d+12 dimensional α
matrices. One can solve the Weyl equation by the eigenvectors |ψ(α)± (p)〉 as,
HW|ψ(α)± (p)〉 = ±p|ψ(α)± (p)〉,
where α, β... = 1, .., d−1
2
indicating the d−1
2
fold degeneracy of the each eigenvalue
±p = ±|p|. One can find a unitary matrix U which diagonalizes (6.1) as
UHWU † = diag(p,−p) = p(I+ − I−). (6.2)
I+ and I− are 2 d−12 × 2 d−12 dimensional matrices projecting onto the positive and
negative energy subspaces respectively:
I+ =
(
1 0
0 0
)
, I− =
(
0 0
0 1
)
. (6.3)
In terms of U the Berry gauge field is expressed as
A = iI+U∂pU †I+. (6.4)
(6.4) is Abelian for 3 + 1 dimensional spacetime however as a result of the d−1
2
fold
degeneracy, it will be non-Abelian in higher dimensions. Equivalently, we can write
the Berry gauge field also in terms of the positive energy solutions:
AαβM = i〈ψα+|∂pM|ψβ+〉.
The related field strength is defined as
GαβMN = ∂MAαβN − ∂NAαβM − i[AM,AN]αβ, (6.5)
where we used the shorthand notation ∂M ≡ ∂pM .
On the other hand, the d + 1 dimensional winding number Cd is an integer valued
topological invariant which is defined in the momentum space of the system as an
integral in terms of the Green’s function G(w,p) and its inverse G−1(w,p) [39]:
Cd = Nd
∫
ddp dw µν..ρTr [(G∂pµG
−1)(G∂pνG
−1)...(G∂pρG
−1)]. (6.6)
Here, µ, ν = 0, ..., d and µν..ρ is the d + 1 dimensional totally antisymmetric
Levi-Civita tensor. Nd is the normalization constant which depends on the dimension
d. (6.6) is not effected under the infinitesimal change G → G + δG which reflects
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its topological invariance. This property becomes invaluable if there exists a physical
quantity corresponding to (6.6).
In order to write G(w,p) we invert the relation (6.2)
HW = p(P+ − P−), P± = U †I±U, (6.7)
where P± are the projection operators:
P+ + P− = 1, P±P∓ = 0, P±P± = P±. (6.8)
Now, it is possible to express G(w,p) and its inverse G−1(w,p) in terms of P± as
G(w,p) =
P+
w − p +
P−
w + p
, G−1(w,p) = w − p(P+ − P−). (6.9)
The derivatives of G−1(w,p) with respect to (w,p) are computed as
∂G−1
∂w
= 1,
∂G−1
∂pM
= −
(
pM
p
(P+ − P−) + p∂M(P+ − P−)
)
. (6.10)
6.3 3 + 1 Dimensional Weyl Hamiltonian and the Winding Number
In 3+1 dimensional spacetime the Weyl HamiltonianH3W is given in terms of the Pauli
spin matrices σi:
H3W = σ · p =
(
p3 p1 − ip2
p1 + ip2 −p3
)
. (6.11)
By means of the 2× 2 unitary matrix
U =
(
N+
N+(p−p3)
p1+ip2
N−
−N−(p+p3)
p1+ip2
)
, N+ =
√
( p+p32p ), N− =
√
( p−p32p ) , (6.12)
one can diagonalize the 3 + 1 dimensional Weyl Hamiltonian (6.11) as
UH3WU † = diag(p,−p) = p(I+ − I−),
where I+ and I− are defined as in (6.3). It is possible to construct the matrix (6.12)
with the solutions |ψ±(p)〉 of the momentum space eigenvalue equation
H3W|ψ±〉 = ±p|ψ±〉,
as
U =
(|ψ+(p)〉 |ψ−(p)〉)†.
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The spectral decomposition of (6.11) is given in terms of the projection operators P±
by inverting the relation (6.2):
H3W = pU †(I+ − I−)U = p(P+ − P−).
One can compute P+ explicitly by using (6.3) and (6.12) as
P+ =
1
2p
(
p+ p3 p1 − ip2
p1 + ip2 p− p3
)
.
Utilizing the definitions (6.7) and (6.8) it is possible to express P+ by means ofH3W:
P+ =
1
2
(
H3W
p
+ 1). (6.13)
Although the explicit forms of the unitary matrix U (6.12) and the projection operator
P+ are presented for completeness, in order to calculate the winding number one only
needs the definition of P+ in terms of the Weyl Hamiltonian as in (6.13). Recalling
(6.6), the 3 + 1 dimensional winding number C3 is calculated by using (6.9) and (6.10)
as
C3 = 1
8pi2
∫
d3p dw µνρσTr [(G∂µG
−1)(G∂νG−1)(G∂ρG−1)(G∂σG−1)]
=
1
2pi2
∫
d3p dw abcTr [(G2∂aG
−1)(G∂bG−1)(G∂cG−1)], (6.14)
where µ, ν... = 0, .., 3, a, b, c = 1, 2, 3 and Tr denotes the trace over the spin indices.
It is straightforward to observe that the quadratic and the cubic terms in pa vanish due
to the antisymmetry of µνρσ. A detailed investigation shows that the terms linear in
pa also give a vanishing contribution after the w integration. Hence performing the w
integral and using the properties (6.8), the winding number (6.14) is found to be:
C3 = − i
2pi
∫
d3p abcTr [∂aP
+∂bP
+∂cP
+]. (6.15)
(6.15) does not vanish under the antisymmetry of the Levi -Civita tensor because P+
is a 2× 2 matrix. However, the integrand is a total derivative,∫
d3p abcTr [∂aP
+∂bP
+∂cP
+] =
∫
d3p∇ ·K3,
where Ka3 is introduced as
Ka3 = 
abcTr [P+∂bP
+∂cP
+]. (6.16)
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It is possible to use the definition (6.13) in (6.16) to express Ka3 in a simple form,
Ka3 =
1
(2p)3
abcTr [H3W(∂bH3W)(∂cH3W)]
=
1
(2p)3
abcTr [σ · pσbσc] (6.17)
=
ipa
(2p)3
2!Tr [12×2],
where the SU(2) algebra and trace properties of the Pauli spin matrices are employed.
Therefore one obtains Ka3 as
Ka3 =
ipa
2p3
,
which is the field of a monopole with a unit charge located at p = 0, that is b3 = p2p3 .
Hence, we conclude that the winding number (6.14) is the divergence of the field b3:
C3 = 1
2pi
∫
d3p∇ · b3.
Using ∇ · b3 = 2piδ3(p), we observe that the winding number C3 is equal to the unit
charge of the monopole:
C3 = 1
2pi
∫
d3p∇ · ( p
2p3
) =
1
2pi
∫
d3p∇ · b3 = 1. (6.18)
(6.14) is a topological invariant, therefore this monopole possesses a topological origin.
In [39], it was stated that the winding number (6.14) denotes the chirality of the
particle. Thus one concludes that the chirality defines the strength of the monopole.
Indeed, if the opposite chirality Hamiltonian −σ · p was chosen instead of (6.11), one
would have obtained C3 = −1. On the other hand, the calculation of (6.14) can be
performed via the negative energy eigenspace as well. Then, one defines the Berry
gauge field in terms of the negative energy solution |ψ−(p)〉 and uses the negative
eigenspace projector P−. The value of (6.11) will not change under these changes as
it is expected.
Yet (6.17) deserves a closer look. Definition of the projection operators (6.7) enables
us to express Ka3 by means of the diagonalization matrix U as
Ka3 = 
abcTr [I+(∂bU)(∂cU †)I+].
The Abelian Berry gauge field is computed either in terms of the positive energy
solution |ψ+〉 or in terms of U (6.12) as
Aa = i〈ψ+| ∂
∂pa
|ψ+〉 = iI+U ∂
∂pa
U †I+ = 
ab3pb
2p(p+ p3)
. (6.19)
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The related Berry field strength is calculated as,
Gab = ∂aAb − ∂bAa = iI+
(
(∂aU)(∂bU
†)− (∂bU)(∂aU †)
)I+.
One concludes that
Ka3 =
1
2i
abcGbc,
which reveals the relation between the winding number (6.14) and the Berry field
strength:
C3 = − 1
4pi
∫
d3p abc∂aGbc.
It was known that Berry curvature yields a monopole field abcGbc = −pap3 that is located
at p = 0 and this field is responsible for the chiral magnetic effect denoted in [31,32,68]
and the semiclassical chiral anomaly in 3 + 1 dimensions [31, 32, 34, 68]. Hence, it
appears that both phenomena are related to the topological invariant (6.14) which is
calculated in the momentum space. Using differential forms, on the 2-sphere S2 which
is the boundary of the 3-ball B3, this relation turns out to be,
C3 = − 1
4pi
∫
B3
d3p abc∂aGbc = − 1
4pi
∫
S2
d2p bcGbc, (6.20)
in which b, c represent the polar and the azimuthal angles θ, φ respectively and Gθφ =
sin θ
2
. (6.20) is the topological first Chern number multiplied with minus one. Over
a compact manifold like S2 the integral of the Berry curvature (Chern character) has
to be a quantized number and we calculate it as −1. This equivalence of the Chern
number with the winding number was also stated in [15, 52] in the context of massive
Dirac Hamiltonian in odd spacetime dimensions.
In the calculation of the first Chern number, one uses the Berry gauge field that is
projected onto the positive energy eigenstate (6.19). As it was mentioned that the
value of C3 will not effected whether it is calculated in the negative energy eigenspace.
However, calculation of the first Chern number in the negative eigenspace results in
+1. So that, unlike the winding number C3, the Chern number is sensitive to the
projection.
One would like to emphasize the gauge field structure of the Dirac monopole (6.18),
so that she/he defines the 1-form gauge field B3 as
B3 = Aadpa. (6.21)
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Aa is the Berry gauge field given in (6.19). B3 is defined on the upper hemisphere of
S2 as it is singular on the negative z axis. (6.19) is also equal to the gauge field of
the U(1) Dirac magnetic monopole in R3 where quantization of the magnetic charge
is given in terms of the winding number of the gauge group. However, in this case
one is dealing with a monopole of a unit charge emerging from the diagonalization
of the Weyl Hamiltonian (6.11). It is found that the winding number of the fermion
propagator and the Chern number are equal to this unit charge. The gauge group of B3
is U(1) and the Chern number (6.20) is known as the winding number of the principal
bundle P (S2, U(1)).
6.4 5 + 1 Dimensional Weyl Hamiltonian and the Winding Number
The 5 + 1 dimensional Weyl Hamiltonian H5W is a 4 × 4 matrix expressed in terms of
the 5 dimensional momentum vector p and the 3 + 1 dimensional Weyl Hamiltonian
H3W given in (6.11) as
H5W = Σ · p =
( H3W i(p4 + ip5)
−i(p4 − ip5) −H3W
)
. (6.22)
Σ matrices are extensions of the Pauli spin matrices to 5 dimensions:
Σa =
(
σa 0
0 −σa
)
; a=1,2,3, Σ4 =
(
0 i
−i 0
)
, Σ5 =
(
0 −1
−1 0
)
.
One diagonalizes the 5 + 1 dimensional Weyl Hamiltonian (6.22) as
UH5WU † = diag(p,−p) = p(I+ − I−),
where I± are now 4× 4 matrices (6.3) and the unitary matrix U is
U =

−iN1+(p1+ip2)
p4+ip5
−iN1+(p−p3)
p4+ip5
0 N1+
−iN2+(p4 − ip5) 0 N2+(p− p3) −N2+(p1 − ip2)
−iN1−(p1+ip2)
p4+ip5
iN1−(p+p3)
p4+ip5
0 N1−
iN2−(p4 − ip5) 0 N2−(p+ p3) N2−(p1 − ip2)
 .
It is constructed in terms of the 2-fold degenerate eigenstates |ψ(α)± (p)〉, α = 1, 2, of
the Weyl equation
H5W|ψ(α)± 〉 = ±p|ψ(α)± 〉,
where the normalization constants are:
N
(1)
+ =
√(
p24 + p
2
5
2p(p− p3)
)
, N
(2)
+ =
1√
(2p(p− p3))
,
N
(1)
− =
√(
p24 + p
2
5
2p(p+ p3)
)
, N
(2)
− =
1√
(2p(p+ p3))
.
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One inverts the diagonalization process (6.2) and express (6.22) in terms of the
projection operators (6.8) as
H5W = pU †(I+ − I−)U = p(P+ − P−).
The 4× 4 matrix P+ is explicitly calculated to be
P+ =
1
2p

p+ p3 p1 − ip2 i(p4 + ip5) 0
p1 + ip2 p− p3 0 i(p4 + ip5)
−i(p4 − ip5) 0 p− p3 −(p1 − ip2)
0 −i(p4 − ip5) −(p1 + ip2) p+ p3
 .
Using (6.7) and (6.8) it is possible to redefine P+ in terms of the 5 + 1 dimensional
Weyl Hamiltonian (6.22):
P+ =
1
2
(
H5W
p
+ 1). (6.23)
The winding number in 5 + 1 dimensions is defined as
C5 = −i
µνρσλγ
48pi3
∫
d5p dw Tr [(G∂µG
−1)(G∂νG−1)(G∂ρG−1)(G∂σG−1)(G∂λG−1)(G∂γG−1)]
= − i
8pi3
∫
d5p dw ijklmTr [(G2∂iG
−1)(G∂jG−1)(G∂kG−1)(G∂lG−1)(G∂mG−1)], (6.24)
where µ, ν... = 0, ..., 5 and i, j... = 1, 5. One performs the w integration and obtains
C5 = 1
8pi2
∫
d5p ijklmTr [∂iP
+∂jP
+∂kP
+∂lP
+∂mP
+].
This can be written as the total derivative,
C5 = 1
8pi2
∫
d5p∇ ·K5, Ki5 = ijklmTr [P+∂jP+∂kP+∂lP+∂mP+].
It is possible to use (6.23) and convert Ki5 into the simpler form:
Ki5 =
1
(2p)5
ijklmTr [H5W(∂jH5W)(∂kH5W)(∂lH5W)(∂mH5W)]
=
1
(2p)5
ijklmTr [Σ · pΣjΣkΣlΣm]
=
pi
(2p)5
4!Tr [14×4] = 6
pi
2p5
.
One observes that the winding number (6.24), similar to the 3 + 1 dimensional case,
yields the Dirac monopole b5 = p2p5 ,∇ ·b5 = 4pi
2
3
δ5(p). Therefore, it is concluded that
the value of (6.24) is equal to the unit charge of the monopole:
C5 = 3
4pi2
∫
d5p∇ · b5 = 1.
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In [68], the same monopole field was found in terms of the 2 × 2 matrix Berry gauge
field,
Aαβi = i〈ψ(α)+ |
∂
∂pi
|ψ(β)+ 〉 = i(I+U
∂
∂pi
U †I+)αβ, (6.25)
and its curvature
Gαβij = ∂iAαβj − ∂jAαβi − i[Ai,Aj]αβ,
as
1
24
ijklmTr [GjkGlm] = − pi
2p5
. (6.26)
Like in the 3 + 1 dimensional case, this monopole field is the source of the chiral
magnetic effect [68] and the chiral anomaly [34, 68] in the semiclassical chiral kinetic
theory. One can accomplish the relation between the Berry gauge field (6.25) and the
winding number (6.24) by substituting the explicit form of the projection operators
(6.7) into Ki5:
Ki5 = 
ijklmTr [ I+∂jU∂kU †I+∂lU∂mU †I+
+ 2I+U∂jU †I+U∂kU †I+∂lU∂mU †I+
+ I+U∂jU †I+U∂kU †I+U∂lU †I+U∂mU †I+]
= −1
4
ijklmTr [GjkGlm].
Hence the winding number (6.24) and the monopole field (6.26) which is responsible
for the chiral anomaly in kinetic theory are related:
C5 = − 1
32pi2
∫
d5p ∂i
ijklmTr [GjkGlm]. (6.27)
On the other hand letting the domain of the integral (6.27) to be the 5-ball B5 whose
boundary is the 4-sphere S4, C5 can be written as
C5 = − 1
32pi2
∫
B5
d5p ijklm∂i(Tr [GjkGlm]) = − 1
32pi2
∫
S4
d4p jklmTr [GjkGlm],
where j, k... represent the angular coordinates on S4. Therefore it is found that the
winding number is the negative of another topological invariant, namely second Chern
number which is the integral of the second Chern character over S4.
As the Dirac monopole is of concern, one would like to explore its gauge field
structure. In differential form language writing the 2-form Berry field strength as
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G = 1
2
Gijdpi ∧ dpj and recalling (6.26) the Abelian 3-form antisymmetric gauge field
B5 [69] is defined as
Tr [GG] = dB5.
B5 can be written explicitly as
B5 = Tr [AdA− 2i
3
A3], (6.28)
whereA is the Berry gauge field (6.25). Note that (6.28) is in the form of Chern Simons
Lagrangian. In its components Abelian rank-3 antisymmetric gauge field (6.28) can be
written as,
Bijk5 = Tr [Ai∂jAk −
2i
3
AiAjAk].
6.5 d+ 1 Dimensional Weyl Hamiltonian and the Winding Number
In the d + 1 dimensional spacetime where d + 1 is even, each eigenvalue (p,−p) of
the Weyl Hamiltonian (6.1) is d−1
2
fold degenerate and in principle the corresponding
eigenstates
|ψ(1)+ 〉, ..., |ψ(
d−1
2 )
+ 〉, |ψ(1)− 〉, ..., |ψ(
d−1
2
)
− 〉,
can be found. One can diagonalize (6.1) in terms of the unitary matrix U which is
constructed in terms of the solutions |ψα±〉 as
U =
(|ψ(1)+ 〉...|ψ( d−12 )− 〉)†.
With an appropriate choice of the normalization constant Nd, it is possible to write
(6.6) as
Cd = i
d+1
2 2
3d−5
2 d
pi(d+ 1)!
(
d−1
d+1
2
)
Vol(Sd−1)
∫
ddp dw µν..ρTr [(G∂pµG
−1)(G∂pνG
−1)...(G∂pρG
−1)].
Actually, Cd should be multiplied with −1 for the 3 + 1 dimensional case in order to
cancel the minus factor which will appear in the KM3 (6.31). Because of this minus
sign, in 3+1 dimensions, the calculated Chern number is equal to−1 which is different
from the general construction (6.36). This sign confusion is artificial in the sense that it
is due to the choice ofH3W = σ ·p which is the conventional Weyl Hamiltonian used in
the literature. If the Dirac matrices were constructed starting from the 1+1 dimensions
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in chiral basis, there would not be this sign ambiguity. It should be emphasized that the
general definition of the winding number do not distinguish between the dimensions.
Using the properties of the projection operators (6.8) and the definitions (6.9), (6.10)
one can perform the w integration and obtain,
Cd = i
d+1
2 2
3d−5
2
pi(d− 1)!(d−1d+1
2
)
Vol(Sd−1)
∫
ddp dw MN...RTr [G2(∂MG
−1)(G∂NG−1)...(G∂RG−1)]
=
−2(−2i) d−12
(d− 1)!Vol(Sd−1)
∫
ddp M...RTr [(∂MP
+)...(∂RP
+)] (6.29)
=
−2(−2i) d−12
(d− 1)!Vol(Sd−1)
∫
ddp∇ ·Kd
where the italic capital letters denote M,N, .., R = 1, .., d and M...R is the d
dimensional totally antisymmetric tensor. Using the properties of the projection
operators (6.8) and the definitions (6.9), (6.10) one can perform the w integration and
obtain,
Cd = i
d+1
2 2
3d−5
2
pi(d− 1)!(d−1d+1
2
)
Vol(Sd−1)
∫
ddp dw MN...RTr [G2(∂MG
−1)(G∂NG−1)...(G∂RG−1)]
=
−2(−2i) d−12
(d− 1)!Vol(Sd−1)
∫
ddp M...RTr [(∂MP
+)...(∂RP
+)] (6.30)
=
−2(−2i) d−12
(d− 1)!Vol(Sd−1)
∫
ddp∇ ·Kd
where the italic capital letters denote M,N, .., R = 1, .., d and M...R is the d
dimensional totally antisymmetric tensor. Kd is defined in terms of the projection
operators as
KMd = 
MN...RTr [P+(∂NP
+)...(∂RP
+)].
It leads to the Dirac monopole in the d dimensional momentum space:
KMd =
1
(2p)d
MN...RTr [HW(∂NHW)...(∂RHW)]
=
1
(2p)d
MN...RTr [Σ · pΣN...ΣR] (6.31)
= −(d− 1)!( i
2
)
d−1
2
pM
2pd
.
Therefore for all spacetime dimensions considered, the winding number (6.6) is
associated to the Dirac monopole,
bd =
p
2pd
, ∇ · bd = Vol(S
d−1)
2
δd(p). (6.32)
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Using the definition of the d dimensional monopole field (6.32), one can compute
(6.30) as
Cd = 2
Vol(Sd−1)
∫
Bd
ddp∇ · bd = 1. (6.33)
Thus the winding number Cd is equal to the unit charge of the d dimensional Dirac
monopole.
To show the general relation between the winding number and the Chern number, it
can be pointed out that the winding number can be written as an integral over the d
dimensional ball Bd as
Cd = −2(−1)
d−1
2
Vol(Sd−1)(d− 1)!
∫
Bd
ddp MNR...ST∂MTr [
(d-1)/2 times︷ ︸︸ ︷
GNR...GST]
=
2(−1) d+12
Vol(Sd−1)(d− 1)!
∫
Sd−1
dd−1p NR...STTr [
(d-1)/2 times︷ ︸︸ ︷
GNR...GST],
where GNR is the Berry field strength (6.5) and the letters M,N... represents the angular
coordinates of the d − 1 dimensional sphere Sd−1. It is found that the monopole field
(6.32) which is obtained from the winding number can be expressed by means of the
Berry curvature as
bMd =
(−1) d+12
(d− 1)! 
MNR...STTr [
(d-1)/2 times︷ ︸︸ ︷
GNR...GST]. (6.34)
(6.34) is in accord with the previous results and it demonstrates that the monopole
which is responsible for the chiral anomaly in chiral kinetic theory is the same with the
one appearing in the winding number (6.32). Since one can define the winding number
(6.6) for even d+1 dimensions, the existence of semiclassical chiral anomaly has been
proven for all even dimensions. Let d = 2n + 1 where n is a positive integer. The
volume of the d−1 dimensional sphere is given in terms of Γ function as 2pid/2
Γ(d/2)
. Using
this, one finds
C2n+1 =
Γ(n+ 1
2
)(−1)n+1
pin+
1
2Γ(2n+ 1)
∫
S2n
d2np NR...STTr [
n times︷ ︸︸ ︷
GNR...GST]
=
(−1)n+1
(4pi)nn!
∫
S2n
d2np NR...STTr [
n times︷ ︸︸ ︷
GNR...GST] = (−1)n+1Nn. (6.35)
Nn is the nth Chern number defined as the integral of the nth Chern character.
Comparing it with (6.33) one concludes that,
Nn = (−1)n+1, (6.36)
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for all n. Up to a normalization, (6.36) is in accord with the spin Chern number
computed in [34]. (6.35) shows that the winding number C2n+1 which is equal to the
charge of the Dirac monopole, is actually the topological index given by the integral
of the Berry curvature (6.5).
It is also possible to investigate the gauge field structure of the d dimensional Dirac
monopole (6.32). A generalization of the Dirac magnetic monopoles to all dimensions
by means of the antisymmetric tensor gauge fields was considered in [69]. Utilizing
the differential forms, one defines the Abelian antisymmetric tensor gauge field B2n+1
as
Tr [Gn] = dB2n+1 = dTr [L2n−1CS ],
where L2n−1CS is the 2n − 1 dimensional Chern-Simons Lagrangian. In its components
B2n+1 can be written as
B2n+1 = BM...R2n+1
2n−1 times︷ ︸︸ ︷
dpM...dpR = 
MNR...STTr [AM
n−1 times︷ ︸︸ ︷
GNR...GST] d2n−1p (6.37)
which is in accord with (6.21) and (6.28) where AM is the Berry gauge field (6.4). It
should be emphasized that as (6.37) is the field of the Dirac monopole, it is not defined
globally on S2n.
6.6 Discussions
Diagonalizing the 2n + 2 dimensional Weyl Hamiltonian (6.1), the Berry gauge field
whose gauge group is U(n) is defined. The related holonomy is given as the integral of
the Chern character over the compact space S2n. Both in 3+1 dimensions and in 5+1
dimensions the fermionic winding numbers are calculated explicitly and proved that
they are equal to the unit monopole charge which emerges in momentum space. It was
shown that the winding number also can be stated as the integral of the Chern character,
the topological invariant Chern number. The Chern character which is expressed via
the Berry field strength (6.5) represents the nontrivial topological properties of the
fiber bundle (S2n, U(n)). It is observed observed that the winding numbers, monopole
charges and Chern numbers are based on the same topological origin. The gauge field
structure of the Dirac monopole is classified as 2n−1 rank antisymmetric tensor gauge
field as in [69].
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In quantum field theory the chiral anomaly is the contribution of different chirality
zero-modes to the measure of the path integral under the chiral transformation. The
anomaly term is precisely equal to the analytical index of the Dirac operator which is
projected to the positive chirality subspace. Due to the Atiyah-Singer index theorem,
the analytical index is also topological in the sense that it can be given as the integral
of the Chern class over the compact manifolds. On the other hand, in [31, 32, 34, 68]
it was argued that chiral anomaly can be achieved at the semiclassical level via the
chiral kinetic theory by introducing the Berry gauge field. In the context of the one
particle Weyl Hamiltonians, in all even dimensions it is shown that the existence of the
Dirac monopoles on the degeneracy points, that is p = 0. This monopole field acts
as a source for the semiclassical anomaly. It is observed that the topological invariant
winding number (6.6) is equal to the charge of the monopole and according to [39]
this winding number results in the chirality of the Weyl particle. It is interesting but
may be not surprising that even at the semiclassical level the chirality which shows
up itself as a monopole located at the zero momentum degeneracy point is responsible
for the chiral anomaly. Besides, this topological structure is also determined by the
integral of the Chern character of the Berry curvature which is the topological index.
A topological and geometrical analysis of the semiclassical chiral anomaly is done and
concluded that the concepts like the topological charges, fiber bundle theory, index
theorems etc. also play an important role in the semiclassical theory.
The 3 + 1 dimensional Weyl Hamiltonian (6.11) was argued to be the effective low
energy Hamiltonian for the Weyl semimetals. In [40] it was noted that the stability
of the Weyl semimetallic phase is related to the Chern number which is calculated in
terms of the Berry gauge field (6.20). In this work, it is shown that this stability can be
determined in terms of the another topological invariant, the winding number (6.14).
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7. CONCLUSIONS AND RECOMMENDATIONS
7.1 Conclusions
In Chapter 2, the free, massive Dirac Hamiltonian is diagonalized by the
Foldy-Wouthuysen transformation. A pure gauge field is extracted though the
diagonalization. By projecting onto the positive energy subspace, the Berry gauge
field is obtained. In 2 + 1 and 4 + 1 dimensions Berry field strengths are acquired
and the related Chern numbers are calculated. In order to construct the effective field
theory of the Kane-Mele model of the 2 + 1 dimensional topological insulator, the
fermionic degrees of freedom are integrated out through the path integral formalism.
The resultant theory is the 2 + 1 dimensional Chern-Simons action of the external
electromagnetic fields. The coefficient of the effective action is topological in the sense
that it is equal to the winding number of the free fermion propagator. The conductivity
of the Kane-Mele model of the 2 + 1 dimensional topological insulator is related to the
coefficient of the resulting effective theory. It is shown that both in 2 + 1 dimensions
and 4 + 1 dimensions the winding numbers are equal to the related Chern numbers of
the Berry curvatures.
In Chapter 3, the effective field theory of the 2 + 1 dimensional spin Hall insulator
in the presence of the Rashba spin-orbit interaction is constructed. Kane-Mele
Hamiltonian of the spin Hall insulator is diagonalized and the Berry gauge field is
calculated. Dealing with the massive Dirac particle coupled to the external spin
and electromagnetic gauge fields, the fermions are integrated via the path integral
quantization. Although the spin is not conserved whenever the Rashba interaction
is switched on, one can still deal with the spin Hall conductivity. It is demonstrated
that the effective field theory is of BF type. In order to obtain the spin current, the the
effective theory is varied with the spin gauge field. It is shown that the the spin Hall
conductivity is related to the winding number of the fermion propagator. It is shown
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numerically that the effect of the Rashba interaction slightly changes the quantized
spin Hall conductivity.
In Chapter 4, a model composed of neutral Dirac fermions is proposed for the 3 + 1
dimensional topological insulators. After a regularization procedure, the θ term for the
axion electrodynamics is obtained as the effective action. 3 + 1 topological insulators
are also discussed in the context of BF type theories.
In Chapter 5, the semiclassical chiral kinetic theory is considered. The massless Dirac
Hamiltonian is diagonalized and the Berry gauge field is calculated explicitly in 3 + 1
and 5 + 1 dimensions. In all even d + 1 spacetime dimensions it is demonstrated
that the related Berry curvatures yield the field of a Dirac monopole that is located at
the very center of the momentum space. The semiclassical chiral anomaly is attained
through the Liouville equation. By means of the semiclassical equations of motion
for the phase space variables, the chiral current is constructed and CME is acquired
successfully. It is demonstrated that the Dirac monopole is responsible for both the
semiclassical chiral anomaly and the CME. The existence of the chiral anomaly and
the CME is formulated within the same theory for all even d+1 dimensions. Moreover
an efficient method of finding the modified phase space measure is presented.
In Chapter 6, the related Berry gauge fields are calculated through the diagonalization
of the 3 + 1 and 5 + 1 dimensional Weyl Hamiltonians. The Berry curvatures are
calculated explicitly. Both in 3 + 1 and 5 + 1 dimensions, the fermionic winding
numbers are calculated and it is shown that they are equal to the unit monopole
charge in momentum space. It is proven that this monopole is the same with the
Dirac monopole that results from the Berry curvature. The Dirac monopole charge
is also equal to the Chern number. Hence the monopole charge has a topological
origin. All the arguments are generalized to even d+ 1 dimensions. It is demonstrated
explicitly that both the semiclassical chiral anomaly and the CME stem from this
topological charge which represents the chirality of the Hamiltonian. Moreover, this
topological structure is also determined by the integral of the Chern character of the
Berry curvature which is the topological index. It is concluded that the concepts like
the topological charges, fiber bundle theory, index theorems etc. also play an important
role in the semiclassical theory.
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7.2 Recommendations and Future Directions
The effective field theory approach to the monolayer and bilayer graphene may need
more clarification. One may find interesting to construct the field theories representing
the effects of the substrate, gravity, strain as gauge fields.
The 3 + 1 dimensional Weyl Hamiltonian was argued to be the effective low energy
Hamiltonian for the Weyl semimetals. It is supposed that the stability of the Weyl
semimetallic phase is related to the Chern number which is calculated in terms of the
Berry gauge field. It would be interesting to discuss the roles of these topological
numbers in the effective field theory approach to the Weyl semimetals.
73
74
REFERENCES
[1] Semenoff, Gordon W. (1984). Condensed-Matter Simulation of a
Three-Dimensional Anomaly, Phys. Rev. Lett., 53(26), 2449–2452.
[2] DiVincenzo, D. P. and Mele, E. J. (1984). Self-consistent effective-mass theory
for intralayer screening in graphite intercalation compounds, Phys. Rev. B,
29(4), 1685–1694.
[3] Haldane, F. D. M. (1988). Model for a Quantum Hall Effect without Landau
Levels: Condensed-Matter Realization of the "Parity Anomaly", Phys.
Rev. Lett., 61(18), 2015–2018.
[4] Kane, C. L. and Mele, E. J. (2005). Quantum Spin Hall Effect in Graphene, Phys.
Rev. Lett., 95(22), 226801.
[5] Bernevig, B. A. , Hughes, T. L. and Zhang, S-C. (2006). Quantum Spin Hall
Effect and Topological Phase Transition in HgTe Quantum Wells, Science,
314(5806), 1757–1761.
[6] König, M. , Wiedmann, S. , Wiedmann, S. , Brüne, C., Roth, A., Buhmann, H.,
Molenkamp, L.W.,Qi,X-L. and Zhang, S-C. (2007). Quantum Spin Hall
Insulator State in HgTe Quantum Wells, Science, 318(5851), 766–770.
[7] Hasan, M. Z. and Kane, C. L. (2010). Colloquium: Topological Insulators, Rev.
Mod. Phys., 82(4), 3045–3067.
[8] Qi, X-L. and Zhang, S-C. (2011). Topological insulators and superconductors,
Rev. Mod. Phys., 83(4), 1057–1110.
[9] Hasan, M. Z. and Moore, Joel E. (2011). Three-Dimensional Topological
Insulators, Annual Review of Condensed Matter Physics, 2(1), 55–78.
[10] Hasan, M. Z. and Kane, C. L. (2010). Z2 Topological Order and the Quantum
Spin Hall Effect, Phys. Rev. Lett., 95(14), 146802.
[11] Berry, M. V. (1984). Quantal Phase Factors Accompanying Adiabatic Changes,
Proc. R. Soc. A, 392(1852), 45–57.
[12] Xiao, Di,Chang, M-C. and Niu, Q. (2010). Berry phase effects on electronic
properties, Rev. Mod. Phys., 82(3), 1959–2007.
[13] Thouless, D. J., Kohmoto, M., Nightingale, M. P.and den Nijs, M. (1982).
Quantized Hall Conductance in a Two-Dimensional Periodic Potential,
Phys. Rev. Lett., 49(6), 405–408.
75
[14] Avron, J. E., Seiler, R. and Simon, B. (1983). Homotopy and Quantization in
Condensed Matter Physics, Phys. Rev. Lett., 51(1), 51–53.
[15] Qi, X-L. , Hughes, T. L. and Zhang, S-C. (2008). Topological field theory of
time-reversal invariant insulators, Phys. Rev. B, 78(19), 195424.
[16] Sheng, L., Sheng, D. N., Ting, C. S.and Haldane, F. D. M. (2005). Nondissipative
Spin Hall Effect via Quantized Edge Transport, Phys. Rev. Lett., 95(13),
136602.
[17] Min, H., Hill, J. E. ,Sinitsyn, N. A.,Sahu, B. R.,Kleinman, L., and MacDonald,
A. H., (2006). Intrinsic and Rashba spin-orbit interactions in graphene
sheets, Phys. Rev. B, 74(16), 165310
[18] Yao, Y., Ye, F.,Qi, X-L., Zhang, Shou-Cheng andFang, Zhong. (2007).
Spin-orbit gap of graphene: First-principles calculations, Phys. Rev. B,
75(4), 041401.
[19] Tarruell, L., Greif, D., Uehlinger, T., Jotzu, G and Esslinger, T.. (2012).
Creating, moving and merging Dirac points with a Fermi gas in a tunable
honeycomb lattice , Nature, 483(7389), 302.
[20] Lalmi, B., Oughaddou, H., Enriquez, H. , Kara, A., Vizzini, S., Ealet, B. and
Aufray, B. (2010). Epitaxial growth of a silicene sheet, App. Phys. Lett.,
97, 223109.
[21] Liu, C-C., Jiang, H. and Yao, Y.. (2011). Low-energy effective Hamiltonian
involving spin-orbit coupling in silicene and two-dimensional germanium
and tin, Phys. Rev. B, 84(19), 195430.
[22] Gomes, K. K., Mar, W., Ko, W, Guinea, F. and Manoharan, H.C..
(2012).Designer Dirac fermions and topological phases in molecular
graphene , Nature, 483(7389), 306.
[23] Ghaemi, P., Gopalakrishnan, S. and Hughes, T. L.. (2012). Designer quantum
spin Hall phase transition in molecular graphene, Phys. Rev. B, 86(20),
201406
[24] Grover, T and Senthil, T. (2008). Topological Spin Hall States, Charged
Skyrmions, and Superconductivity in Two Dimensions, Phys. Rev. Lett.,
100(15), 156804.
[25] Sengupta, K., Roy, Rahul and Maiti, Moitri. (2006). Spin Hall effect in triplet
chiral superconductors and graphene, Phys. Rev. B, 74(9), 094505
[26] Birmingham, D, Blau, M, Rakowski, M and Thompson, G.. (1991) Topological
Field Theory. Physics Reports 209,129.
[27] Kim, J.E. (1987). Light pseudoscalars, particle physics and cosmology, Physics
Reports, 150(1-2), 1–177.
[28] Maciejko, J., Qi, X-L., Karch, A. and Zhang, S-C. (2010). Fractional
Topological Insulators in Three Dimensions, Phys. Rev. Lett., 105(24),
246809.
76
[29] Swingle, B., Barkeshli, M., McGreevy, J. and Senthil, T. (2011). Correlated
topological insulators and the fractional magnetoelectric effect, Phys. Rev.
B, 82(19), 195139.
[30] Park, K.-S. and Han, H. (2010). Dirac quantization and fractional magneto-
electric effect in interacting topological insulators, Phys. Rev. B, 82(15),
153101.
[31] Son, D. T. and Yamamoto, N. (2012). Berry Curvature, Triangle Anomalies, and
the Chiral Magnetic Effect in Fermi Liquids, Phys. Rev. Lett., 109(16),
162001.
[32] Stephanov, M. A. and Yin, Y. (2012). Chiral Kinetic Theory, Phys. Rev. Lett.,
109(18), 181602.
[33] Duval, C., Z. Horváth, P. A. Horváthy, L. Martina, and P. Stichel.(2006).Berry
phase correction to electron density in solids and "exotic" dynamics, Mod.
Phys. Lett. B 20, 373.
[34] Dwivedi, V and Stone, M. (2014). Classical chiral kinetic theory and anomalies
in even space-time dimensions, J. Phys. A: Math. Theor. 47 (2), 125401.
[35] Loganayagam, R. and Surowka, P. (2012). Anomaly/transport in an Ideal Weyl
gas, JHEP 04, 097.
[36] Dayi, Ö. F. (2008). Spin dynamics with non-Abelian Berry gauge fields as a
semiclassical constrained Hamiltonian system , J. Phys. A: Math. Theor.
41 (2), 315204.
[37] Pitaevskii, L. P. and Lifshitz, E.M. (1981). Physical Kinetics (Course of
Theoretical Physics; Volume 10), Butterworth-Heinemann.
[38] Bertlmann, R. A. (2000). Anomalies in Quantum Field Theory, Clarendon Press,
Oxford
[39] Volovik, G. E. (2003) The Universe in a Helium Droplet, Clarendon Press, Oxford
[40] Wan, X., Turner, A. M., Vishwanath, A. and Savrasov, S. Y. (2011). Topological
semimetal and Fermi-arc surface states in the electronic structure of
pyrochlore iridates, Phys. Rev. B, 109(16), 162001.
[41] Hosur, P. and Qi, X-L. (2013) Recent developments in transport phenomena in
Weyl semimetals Comptes Rendus Physique, 14 (9), 857–870
[42] Niemi, A. J. and Semenoff, G. W. (1983). Axial-Anomaly-Induced Fermion
Fractionization and Effective Gauge-Theory Actions in Odd-Dimensional
Space-Times, Phys. Rev. Lett., 51(23), 2077–2080.
[43] Redlich, A. N. (1984). Gauge Noninvariance and Parity Nonconservation of
Three-Dimensional Fermions, Phys. Rev. Lett., 52(1), 18–21.
[44] Redlich, A. N. (1984). Parity violation and gauge noninvariance of the effective
gauge field action in three dimensions, Phys. Rev. D, 29(10), 2366–2374.
77
[45] Zhang, S. C., Hansson, T. H. and Kivelson, S. (1989). Effective-Field-Theory
Model for the Fractional Quantum Hall Effect, Phys. Rev. Lett., 62(1),
82–85.
[46] Zhang, S-C. (1992). The Chern-Simons-Landau-Ginzburg Theory of the
Fractional Quantum Hall Effect Int. J. Mod. Phys. B 6 (01), 25–58.
[47] Dayi, Ö. F. and Yunt, E. (2011). Gauge potential formulations of the spin Hall
effect in graphene , Physics Letters A, 375(25), 2484–2491.
[48] Bérard, A. and Mohrbach, H. (2006). Spin Hall effect and Berry phase of
spinning particles , Physics Letters A, 352(3), 190–195.
[49] Nakahara, M. (1990) Geometry, Topology and Physics, Adam Hilger, Bristol.
[50] Golterman, M. F. L., Jansen, K. and Kaplan, D. B. (1993). Chern-Simons
currents and chiral fermions on the lattice, Physics Letters B, 301(2-3),
219–223.
[51] Ryu, S., Schnyder, A.P., Furusaki, A. and Ludwig, A. W. W. (2010). New
Journal of Physics, 12, 065010.
[52] Dayi, Ö. F., Elbistan, M. and Yunt, E. (2012). Effective field theory of a
topological insulator and the Foldy–Wouthuysen transformation, Annals
of Physics, 327(3), 935–951.
[53] Murakami, S., Nagosa, N. and Zhang, S-C. (2004). SU(2) non-Abelian
holonomy and dissipationless spin current in semiconductors, Phys. Rev.
B, 109(16), 162001.
[54] Cortijo, A., Grushin, A. G. and Vozmediano, M. A. H. (2010). Topological
insulating phases in monolayer and bilayer graphene: An effective action
approach, Phys. Rev. B, 109(16), 162001.
[55] Prodan, E. (2009). Robustness of the spin-Chern number, Phys. Rev. B, 80(12),
125327
[56] Yang, Y., Xu, Z., Sheng, L., Wang, B., Xing, D. Y. and Sheng, D. N. (2011).
Time-Reversal-Symmetry-Broken Quantum Spin Hall Effect, Phys. Rev.
Lett., 107(6), 066602.
[57] Callan, C. G., Dashen, R. F. and Gross, D. J. (1976). The structure of the gauge
theory vacuum, Physics Letters B, 63(3), 334–340.
[58] Jackiw, R. and Rebbi, C. (1976). Vacuum Periodicity in a Yang-Mills Quantum
Theory, Phys. Rev. Lett., 37(3), 172–175.
[59] Cho, G. Y. and Moore, J. C. (2011). Topological {BF} field theory description of
topological insulators, Annals of Physics, 326(6), 1515 –1535.
[60] Peskin, M. E. and Schroeder, D. V. (1995). An Introduction to Quantum Field
Theory, Westview Press, Boulder.
78
[61] Moore, G. and Read, N. (1991). Nonabelions in the fractional quantum hall effect,
Nucl. Phys. B 360 (2–3), 362-396.
[62] Greiter, M., Wen, X-G. and Wilczek, F. (1991). Paired Hall state at half filling,
Phys. Rev. Lett., 66(24), 3205–3208.
[63] Fu, L. and Kane, C. L. (2009). Probing Neutral Majorana Fermion Edge Modes
with Charge Transport, Phys. Rev. Lett., 102(21), 216403
[64] Witten, E. (1995). On S-Duality in Abelian Gauge Theory, Selecta Math. 1, 383
[65] Elbistan, M. (2014). Topological Concepts for the Weyl Hamiltonians with the
Berry Gauge Field, arXiv: 1406.5290
[66] Chen, J-W., Pang, J-yi, Pu, S. and Wang, Q. (2014). Kinetic equations for
massive Dirac fermions in electromagnetic field with non-Abelian Berry
phase, Phys. Rev. D, 89(9), 094003.
[67] Dayi, Ö. F. and Elbistan, M.(2013). The effective field theory of (2 +
1)-dimensional topological insulator in the presence of Rashba spin–orbit
interaction, J. Phys. A: Math. Theor. 46, 435001.
[68] Dayi, Ö. F. and Elbistan, M. (2014). A Semiclassical Formulation of the Chiral
Magnetic Effect and Chiral Anomaly in Even d + 1 Dimensions, arXiv:
1402.4727
[69] Nepomechie, R. I. (1985). Magnetic monopoles from antisymmetric tensor gauge
fields, Phys. Rev. D, 31(8), 1921–1924.
79
80
APPENDICES
APPENDIX A.1 : Explicit calculation of the coefficient Cs
APPENDIX A.2 : The Berry curvature in 5 + 1 dimensions
APPENDIX A.3 : Properties of the Berry Curvature and the Σ Matrices in d + 1
dimensions
81
82
APPENDIX A.1 Explicit calculation of the coefficient
First of all one can observe that (3.27) can be expressed in terms of PMN ≡
PMSzP
N + PNSzP
M , so that it can be amalgamated with (3.28) to write Cs as
Cs = − i
48pi2
∫
d2ptr
{
P 57
[
(1 +
E1 − E7
E1 − E5 +
E1 − E5
E1 − E7 )I
1 + (1 +
E3 − E7
E3 − E5 +
E3 − E5
E3 − E7 )I
3
]
+P 68
[
(1 +
E2 − E8
E2 − E6 +
E2 − E6
E2 − E8 )I
2 + (1 +
E4 − E8
E4 − E6 +
E4 − E6
E4 − E8 )I
4
]
−P 13
[
(1 +
E5 − E3
E5 − E1 +
E5 − E1
E5 − E3 )I
5 + (1 +
E7 − E3
E7 − E1 +
E7 − E1
E7 − E3 )I
7
]
−P 24
[
(1 +
E6 − E4
E6 − E2 +
E6 − E2
E6 − E4 )I
6 + (1 +
E8 − E4
E8 − E2 +
E8 − E2
E8 − E4 )I
8
]
+P 35
[
(
E1 − E3
E5 − E3 +
E1 − E3
E1 − E5 )I
1 − (E7 − E5
E3 − E5 +
E7 − E5
E7 − E3 )I
7
]
+P 46
[
(
E2 − E4
E6 − E4 +
E2 − E4
E2 − E6 )I
2 − (E8 − E6
E4 − E6 +
E8 − E6
E8 − E4 )I
8
]
+P 17
[
(
E3 − E1
E7 − E1 +
E3 − E1
E3 − E7 )I
3 − (E5 − E7
E1 − E7 +
E5 − E7
E5 − E1 )I
5
]
+P 28
[
(
E4 − E2
E8 − E2 +
E4 − E2
E4 − E8 )I
4 − (E6 − E8
E2 − E8 +
E6 − E8
E6 − E2 )I
6
]}
.
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Making use of the polar coordinates (3.25) and the definitions (3.14) one can show that
it can be written in the form
Cs = − 1
12pi2
∫
d2p
[ F 25F 27 pA(5, 7)
(∆SO − E1)(∆SO − E5)(∆SO − E7)
(1 +
E1 − E7
E1 − E5 +
E1 − E5
E1 − E7 )(E5 − E1)
∂F 21
∂p
−F
2
6F
2
8C(6, 8)
p(∆SO − E2)(1 +
E2 − E8
E2 − E6 +
E2 − E6
E2 − E8 )(E6 − E2)
∂F 22
∂p
+
F 25F
2
7 pA(5, 7)
(∆SO − E3)(∆SO − E5)(∆SO − E7)(1 +
E3 − E7
E3 − E5 +
E3 − E5
E3 − E7 )(E7 − E3)
∂F 23
∂p
−F
2
6F
2
8C(6, 8)
p(∆SO − E4)(1 +
E4 − E8
E4 − E6 +
E4 − E6
E4 − E8 )(E8 − E4)
∂F 24
∂p
+
F 21F
2
3 pA(1, 3)
(∆SO − E1)(∆SO − E3)(∆SO − E5)(1−
E5 − E3
E1 − E5 −
E5 − E1
E3 − E5 )(E5 − E1)
∂F 25
∂p
−F
2
2F
2
4C(2, 4)
p(∆SO − E6)(1−
E6 − E4
E2 − E6 −
E6 − E2
E4 − E6 )(E6 − E2)
∂F 26
∂p
+
F 21F
2
3 pA(1, 3)
(∆SO − E1)(∆SO − E3)(∆SO − E7)(1−
E7 − E3
E1 − E7 −
E7 − E1
E3 − E7 )(E7 − E3)
∂F 27
∂p
−F
2
2F
2
4C(2, 4)
p(∆SO − E8)(1−
E8 − E4
E2 − E8 −
E8 − E2
E4 − E8 )(E8 − E4)
∂F 28
∂p
+
F 23F
2
5 pA(3, 5)
(∆SO − E1)(∆SO − E3)(∆SO − E5)(
E1 − E3
E5 − E3 +
E1 − E3
E1 − E5 )(E5 − E1)∂F
2
1 ∂p
−F
2
4F
2
6C(4, 6)
p(∆SO − E2)(
E2 − E4
E6 − E4 +
E2 − E4
E2 − E6 )(E6 − E2)
∂F 22
∂p
+
F 21F
2
7 pA(1, 7)
(∆SO − E1)(∆SO − E3)(∆SO − E7)(
E3 − E1
E7 − E1 +
E3 − E1
E3 − E7 )(E7 − E3)
∂F 23
∂p
−F
2
2F
2
8C(2, 8)
p(∆SO − E4)(
E4 − E2
E8 − E2 +
E4 − E2
E4 − E8 )(E8 − E4)
∂F 24
∂p
+
F 21F
2
7 pA(1, 7)
(∆SO − E1)(∆SO − E5)(∆SO − E7)(
E5 − E7
E1 − E7 −
E5 − E7
E1 − E5 )(E5 − E1)
∂F 25
∂p
−F
2
2F
2
8C(2, 8)
p(∆SO − E6)(
E6 − E8
E2 − E8 −
E6 − E8
E2 − E6 )(E6 − E2)
∂F 26
∂p
+
F 23F
2
5 pA(3, 5)
(∆SO − E3)(∆SO − E5)(∆SO − E7)(
E7 − E5
E3 − E5 −
E7 − E5
E3 − E7 )(E7 − E3)
∂F 27
∂p
−F
2
4F
2
6C(4, 6)
p(∆SO − E8)(
E8 − E6
E4 − E6 −
E8 − E6
E4 − E8 )(E8 − E4)
∂F 28
∂p
]
,
where we defined
A(m,n) = 2
[
1 +
p2
(∆SO − Em)(∆SO − En)
]
, C(m,n) = 2
[
1 +
(∆SO − Em)(∆SO − En)
p2
]
.
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Expressing A(m,n) and C(m,n) in terms of the normalization factors (3.14), it can
further be simplified as
Cs = − 1
6pi2
∫
d2p
[(F5F7 + F6F8)F6F8
p(∆SO − E1)
(
1 +
E1 − E7
E1 − E5 +
E1 − E5
E1 − E7
)
(E5 − E1)∂pF 21
−(F5F7 + F6F8)F6F8
p(∆SO − E2)
(
1 +
E2 − E8
E2 − E6 +
E2 − E6
E2 − E8
)
(E6 − E2)∂pF 22
+
(F5F7 + F6F8)F6F8
p(∆SO − E3)
(
1 +
E3 − E7
E3 − E5 +
E3 − E5
E3 − E7
)
(E7 − E3)∂pF 23
−(F5F7 + F6F8)F6F8
p(∆SO − E4)
(
1 +
E4 − E8
E4 − E6 +
E4 − E6
E4 − E8
)
(E8 − E4)∂pF 24
+
(F1F3 + F2F4)F2F4
p(∆SO − E5)
(
1− E5 − E3
E1 − E5 −
E5 − E1
E3 − E5
)
(E5 − E1)∂pF 25
−(F1F3 + F2F4)F2F4
p(∆SO − E6)
(
1− E6 − E4
E2 − E6 −
E6 − E2
E4 − E6
)
(E6 − E2)∂pF 26
+
(F1F3 + F2F4)F2F4
p(∆SO − E7)
(
1− E7 − E3
E1 − E7 −
E7 − E1
E3 − E7
)
(E7 − E3)∂pF 27
−(F1F3 + F2F4)F2F4
p(∆SO − E8)
(
1− E8 − E4
E2 − E8 −
E8 − E2
E4 − E8
)
(E8 − E4)∂pF 28
+
(F4F6 − F3F5)F4F6
p(∆SO − E1)
(
E1 − E3
E5 − E3 +
E1 − E3
E1 − E5
)
(E5 − E1)∂pF 21
−(F4F6 − F3F5)F4F6
p(∆SO − E2)
(
E2 − E4
E6 − E4 +
E2 − E4
E2 − E6
)
(E6 − E2)∂pF 22
+
(F2F8 − F1F7)F2F8
p(∆SO − E3)
(
E3 − E1
E7 − E1 +
E3 − E1
E3 − E7
)
(E7 − E3)∂pF 23
−(F2F8 − F1F7)F2F8
p(∆SO − E4)
(
E4 − E2
E8 − E2 +
E4 − E2
E4 − E8
)
(E8 − E4)∂pF 24
+
(F2F8 − F1F7)F2F8
p(∆SO − E5)
(
E5 − E7
E1 − E7 −
E5 − E7
E1 − E5
)
(E5 − E1)∂pF 25
−(F2F8 − F1F7)F2F8
p(∆SO − E6)
(
E6 − E8
E2 − E8 −
E6 − E8
E2 − E6
)
(E6 − E2)∂pF 26
+
(F4F6 − F3F5)F4F6
p(∆SO − E7)
(
E7 − E5
E3 − E5 −
E7 − E5
E3 − E7
)
(E7 − E3)∂pF 27
−(F4F6 − F3F5)F4F6
p(∆SO − E8)
(
E8 − E6
E4 − E6 −
E8 − E6
E4 − E8
)
(E8 − E4)∂pF 28
]
.
85
Considering the relations (3.11) and (3.15) and performing the θ integral, Cs can be
written as,
Cs = − 2
3pi
∫
dp
[(F5F7 + F6F8)F6F8
∆SO − E1 (1 +
E1 − E7
E1 − E5 +
E1 − E5
E1 − E7 )(E5 − E1)∂pF
2
1
+
(F5F7 + F6F8)F6F8
∆SO − E3 (1 +
E3 − E7
E3 − E5 +
E3 − E5
E3 − E7 )(E7 − E3)∂pF
2
3
+
(F1F3 + F2F4)F2F4
∆SO − E5 (1−
E5 − E3
E1 − E5 −
E5 − E1
E3 − E5 )(E5 − E1)∂pF
2
5
+
(F1F3 + F2F4)F2F4
∆SO − E7 (1−
E7 − E3
E1 − E7 −
E7 − E1
E3 − E7 )(E7 − E3)∂pF
2
7
+
(F4F6 − F3F5)F4F6
∆SO − E1 (
E1 − E3
E5 − E3 +
E1 − E3
E1 − E5 )(E5 − E1)∂pF
2
1
+
(F2F8 − F1F7)F2F8
∆SO − E3 (
E3 − E1
E7 − E1 +
E3 − E1
E3 − E7 )(E7 − E3)∂pF
2
3
+
(F2F8 − F1F7)F2F8
∆SO − E5 (
E5 − E7
E1 − E7 −
E5 − E7
E1 − E5 )(E5 − E1)∂pF
2
5
+
(F4F6 − F3F5)F4F6
∆SO − E7 (
E7 − E5
E3 − E5 −
E7 − E5
E3 − E7 )(E7 − E3)∂pF
2
7
]
.
Finally by making use of relations like
1− F3F5
F4F6
=
E1 − E3
E1 −∆SO ,
(3.29) is accomplished.
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APPENDIX A.2 The Berry curvature in 5 + 1 dimensions
The field strength of the Berry gauge field (5.18) is calculated as follows,
G12 = 12p3(p−p3)
 (p23+p24+p25)−pp3 −(p1+ip2)√(p24+p25)
−(p1−ip2)
√
(p24+p
2
5) −(p23+p24+p25)+pp3
,
G13 = 12p3
 p2 i√(p24+p25)
−i
√
(p24+p
2
5) −p2
,
G14 = 12p3(p−p3)

p1p5−p2p4 −
(ip4+p5)(i(p1p2+p4p5)+p3p−p22−p23−p25)√
(p24+p
2
5)
(−ip4+p5)(i(p1p2+p4p5)−p3p+p22+p23+p25)√
(p24+p
2
5)
p2p4−p1p5
,
G15 = 12p3(p−p3)

−p1p4−p2p5
(p4−ip5)(i(p1p2−p4p5)+p3p−p22−p23−p24)√
(p24+p
2
5)
(p4+ip5)(−i(p1p2−p4p5)+p3p−p22−p23−p24)√
(p24+p
2
5)
p1p4+p2p5
,
G23 = 12p3
 −p1 −√(p24+p25)
−
√
(p24+p
2
5) p1
,
G24 = 12p3(p−p3)

p1p4+p2p5
(p4−ip5)(i(p4p5−p1p2)+p3p−p21−p23−p25)√
(p24+p
2
5)
(p4+ip5)(−i(p4p5−p1p2)+p3p−p21−p23−p25)√
(p24+p
2
5)
−p1p4−p2p5
,
G25 = 12p3(p−p3)

p1p5−p2p4
(ip4+p5)(−i(p4p5+p1p2)+p3p−p21−p23−p24)√
(p24+p
2
5)
(−ip4+p5)(i(p4p5+p1p2)+p3p−p21−p23−p24)√
(p24+p
2
5)
−p1p5+p2p4
,
G34 = 12p3
 −p5
i(p1+ip2)
√
(p24+p
2
5)
p4+ip5
−i(p1−ip2)
√
(p24+p
2
5)
p4−ip5 p5
,
G35 = 12p3
 p4
−(p1+ip2)
√
(p24+p
2
5)
p4+ip5
−(p1−ip2)
√
(p24+p
2
5)
p4−ip5 −p4
,
G45 = 12p3(p−p3)
 (p21+p22+p23)−pp3 (p1+ip2)√(p24+p25)
(p1−ip2)
√
(p24+p
2
5) −(p21+p22+p23)+pp3
.
APPENDIX A.3 Properties of the Berry Curvature and the Σ Matrices in d + 1
dimensions
Interrelation between the Dirac monopole and the Berry curvature was established for
an even d+ 1 dimensional Weyl Hamiltonian in [65]. We review the arguments of [65]
and also demonstrate the trace properties of the wedge products of the Berry curvature
G used in Section 5.5.
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In terms of the energy eigenstates one can introduce a unitary matrix U which
diagonalizes the Weyl Hamiltonian (5.3),
UHWU † = p(I+ − I−).
I+ and I− project onto the positive and negative energy subspaces. The Berry gauge
field (5.4) can be written by means of U as
A = iI+U∂pU †I+.
Thus, one can construct the Berry curvature (5.5) in terms of U .
In d = 2n+ 1 dimensions the trace of the m ≤ n subsequent Berry field strengths can
be expressed as
A1A2...A2m+1...A2n+1Tr [GA2A3 ...GA2mA2m+1 ] = (2i)mA1A2...A2m+1...A2n+1Tr [P+(∂A2P+)...(∂A2m+1P+)].
(A.1)
We introduced
P+ = U †I+U,
which can be written as
P+ =
1
2
(
HW
p
+ 1).
Plugging it into (A.1) leads to
A1A2...A2m+1...A2n+1Tr [P
+(∂A2P
+) . . . (∂A2m+1P
+)]
=
A1A2...A2m+1...A2n+1
(2p)2m+1
Tr [HW(∂A2HW) . . . (∂A2m+1HW)]
=
A1A2...A2m+1...A2n+1
(2p)2m+1
Tr [Σ · pΣA2 . . .ΣA2m+1 ]. (A.2)
Inspecting (A.1) and (A.2) one observes that the trace of the wedge products of the
Berry curvature, G, can be expressed in terms of the trace of the antisymmetrized Σ
matrices:
A1A2...A2m+1...A2n+1Tr [GA2A3 . . .GA2mA2m+1 ] = (2i)m
pA
(2p)2m+1
A1A2...A2m+1...A2n+1Tr [ΣAΣA2 . . .ΣA2m+1 ].
ΣA obey the Clifford algebra,
{ΣA,ΣB} = 2δAB.
Moreover, they are traceless,
Tr [ΣA] = 0,
and in 2n+ 2 dimensional spacetime they satisfy the following identity,
Σ1...Σ2n+1 = i
n+212n×2n .
Thus the trace of 2n+ 1 antisymmetric product of the Σ matrices yields
1
(2n+ 1)!
A1...A2n+1Tr [ΣA1 . . .ΣA2n+1 ] = i
n+22n.
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Actually one can observe that the trace of the product of even number of different Σ
matrices always vanishes because of satisfying the Clifford algebra:
Tr [ΣA1 . . .ΣA2m ] = 0.
Moreover, it can be easily shown that the trace of the product of 2m + 1 different Σ
matrices is equal to the trace of the product of the remaining 2(n − m) Σ matrices
which is equal to zero. Therefore, the trace of the antisymmetrized product of the
Berry field strength vanishes
A1A2...A2m−1A2m...A2n+1Tr [GA1A2 . . .GA2m−1A2m ] = 0,
for the case m < n. When m = n one finds
A1A2A3...A2nA2n+1Tr [GA2A3 . . .GA2nA2n+1 ] = (−1)n+1(2n)!
pA1
2p2n+1
,
which is the Dirac monopole field.
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